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1.1 Quadratics
Candidates should be able to:

e carry out the process of completing the square
for a quadratic polynomial ax’ + bx + ¢ and use
a completed square form

¢ find the discriminant of a quadratic polynomial
ax’ + bx + ¢ and use the discriminant

e solve quadratic equations, and quadratic
inequalities, in one unknown

e solve by substitution a pair of simultaneous
equations of which one is linear and cne is
quadratic

e recegnise and solve equations in x which are
quadratic in some function of x.

' www.cambridgeinternational.org/alevel

www.megalecture.com

Notes and examples

e.p. to locate the vertex of the graph of
y= ax® + bx + ¢ or to sketch the graph

e.g. to determine the number of real roots of the
equation ax’ + bx + ¢ = 0. Knowledge of the term
'repeated root' is included.

By factorising, completing the square and using the
formula.

egxty+ l=Oandx2+}F=25,
2x+ 3y =7 and 3x* =4 + 4xy.

egx' -5 +d4=0,6x+yx—1=0,

tan®x = 1 + tanx.

Back to contents page
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1 Pure Mathematics 1
1.2 Functions
Candidates should be able to:

s understand the terms function, domain,
range, one-one function, inverse function and
composition of functions

e identify the range of a given function in simple
cases, and find the compoasition of two given
functions

s determine whether or not a given function is
one-one, and find the inverse of a one-one
function in simple cases

» illustrate in graphical terms the relation between
a one-one function and its inverse

s understand and use the transformations of the
graph of y = f{x) given by
y=1x)+a,y=fx+a),

y=af(x), y = f{ax) and simple combinations of
these.

1.3 Coordinate geometry
Candidates should be able to:

» find the equation of a straight line given
sufficient information

» interpret and use any of the forms y = mx + ¢,
y—y,=mx —x,), ax + by + ¢ = 0in solving
problems

e understand that the equation
(x— .:1)2 +(v— J_'))2 = r” represents the circle
with centre (a, ) and radius r

s use algebraic methods to solve problems
involving lines and circles

e understand the relationship between a graph and
its associated algebraic equation, and use the

Notes and examples

e.g.range of f:x— l; for x = land

rangeof g:x — X+ 1forxeR. Including the
condition that a composite function gf can only be
formed when the range of fis within the domain of g.

e.g. finding the inverse of

3
hixe (2x+3P -4 forx <-3.

Sketches should include an indication of the mirror
liney = x.

Including use of the terms ‘translation’, 'reflection’
and 'stretch’ in describing transformations. Questions
may involve algebraic or trigonometric functions, or
other graphs with given features.

Notes and examples
e.g. given two points, or one point and the gradient.

Including calculations of distances, gradients,
midpoints, points of intersection and use of the
relationship between the gradients of parallel and
perpendicular lines.

Including use of the expanded form
x4y 2g 2+ =0,

Including use of elementary geometrical properties of
circles, e.g. tangent perpendicular to radius, angle in a
sernicircle, symmetry.

Implicit differentiation is not included.

e.g. to determine the set of values of & for which the
line y =x + kintersects, touches or does not meet a

relationship betweenmmqbétlcctﬁ m/CﬁMrélg:ate Ctu re/
+92 336 7801123
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Pure Mathematics 1

1.4 Circular measure

Candidates should be able to:

understand the definition of a radian, and use the
relationship between radians and degrees

use the formulae s = r@and 4 = %rzﬁ

in solving problems concerning the arc length
and sector area of a circle.

1.5 Trigonometry

Candidates should be able to:

sketch and use graphs of the sine, cosine and
tangent functions (for angles of any size, and
using either degrees or radians)

use the exact values of the sine, cosine and
tangent of 30°, 45°, 60°, and related angles

use the notations sin_lx, cos lx, tan 'x to denote
the principal values of the inverse trigonometric
relations

sin o
cos@

sin“f + cos’@ = 1

use the identities =tan® and

find all the solutions of simple trigonometrical
equations lying in a specified interval (general
forms of solution are not included).

1.6 Series

Candidates should be able to:

use the expansion of (@ + b)", where nis a
positive integer

recognise arithmetic and geometric progressions

use the formulae for the #rth term and for the
sum of the first n terms to solve problems
involving arithmetic or geometric progressions

use the condition fer the convergence of a
geometric progression, and the formula for
the sum to imfinity of a convergent geometric
progression.

Notes and examples

Including calculation of lengths and angles in
triangles and areas of triangles.

Notes and examples

Including e.g. y = 3sinx, ¥ = 1 —cos 2x,

y= tan(x + i'n:)

e.g. cos 158° =—é—1."§, sin iﬂ: = 1—.

47 V2

No specialised knowledge of these functions is
required, but understanding of themn as examples of
inverse functions is expected.

e.g. in proving identities, simplifying expressions and
solving equations.

eg.solve 3sin2x+ 1 =0for—n < x < m,
3sin’0—5cos®— 1 = 0for 0° < 6 < 360°.

Notes and examples

n
Including the notations (r and n!

Knowledge of the greatest term and properties of the
coefficients are not required.

Including knowledge that numbers g, &, ¢ are 'in
arithmetic progression' if 2b = a + ¢ (or equivalent)
and are ‘in geometric progression’ if b’ = ac (or
equivalent).

Questions may involve mere than one progression.

youtube.com/c/Megalecture/
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1 Pure Mathematics 1
1.7 Differentiation
Candidates should be able to:

e understand the gradient of a curve at a point as
the limit of the gradients of a suitable sequence
of chords, and use the notations

d d’y
f'(x), £"(x), E}" and E:% for first and second

derivatives

» use the derivative of x" (for any rational n),
together with constant multiples, sums and
differences of functions, and of composite
functions using the chain rule

e apply differentiation to gradients, tangents and
normals, increasing and decreasing functions and
rates of change

* |ocate stationary points and determine their
nature, and use information about stationary
peints in sketching graphs.

1.8 Integration
Candidates should be able to:

e understand integration as the reverse process of
differentiation, and integrate (ax + b)" (for any
rational 7 except —1), together with constant
multiples, sums and differences

* solve problems involving the evaluation of a
constant of integration

» evaluate definite integrals

» use definite integration to find

— the area of a region bounded by a curve and
lines parallel to the axes, or between a curve
and a line or between two curves

Notes and examples

Only an informal understanding of the idea of a limit
is expected.

e.g. includes consideration of the gradient of the
chord joining the points with x coordinates 2 and

(2+ ) on the curve y = x”. Formal use of the general
method of differentiation from first principles is not
required.

e.g. find -:';, given y=V2x*+5 -

Including connected rates of change, e.g. given the
rate of increase of the radius of a circle, find the rate
of increase of the area for a specific value of one of
the variables.

Including use of the second derivative for identifying
maxima and minima; alternatives may be used in
questions where no method is specified.

Knowledge of points of inflexion is not included.

Notes and examples

eg J(Zx]—5x+ 1)dx J 1

e

e.g. to find the equation of the curve through (1, -2)

f h'hﬁ— 2x+1
or whic p +1.

Including simple cases of ‘improper’ integrals, such as

L oo
L x dxand L x Zdx.

A volume of revolution may involve a region not
bounded by the axis of rotation, e.g. the region
between y=9 —x and y = 5 rotated about the
Xx-axis.

— avolume of revolution about one of the axes.

youtube.com/c/Megalecture/
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COORDINATE GEOMETRY

The study of points, straight lines and curves defined by algebraic expression is called coordinate geometry.

Distance between two points or length of line segment

If Alx,y:) and B (xpy,) are two points, then distance between A and
AB = \/(xz _x1}2+(y2 _J-’a)2

Midpoint of a line segment

( X tx »+y,
The coordinates of mid point of A (x4, yi) and B {x,, y>) are | 5 3

The diagonals of rectangle, rhombus, square and parailelogram have common mid points. To find out coordinate
of fourth point of these shapes, when other three points are given, first supposed coordinate of unknomrz@omt (x,¥),

then put mid points of both diagram equal and find (x,y). @\J
Gradient of straight line (&7
G~
" : N
Gradient is the measure of slope of line with respect to the positive x — axis. \Q/}b

&

The tangent of the angle counted anti clock wise, which a line make with pos' ‘x-axis is called gradient of line.

OR
The increase in the y — coordinate divided by the increase in the x@at& of two pints on the line is called
gradient usually it is denoted by ‘m’ m = Y2~ h \
Xy =X @@
Properties of gradient
1 A line parallel to x-axis has gradient 0.

2. A line parallel to y-axis has gradient undefined. (oo)

youtube.com/c/Megalecture/
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3 |f points are collinear (lie on same straight l'ir\g%ﬁlﬁél}tﬂﬁﬁeﬁﬁﬁm e?u - ol line, frst J—— |
4l if two lines are parallel, then their gradlents are equal. To find gradient of pa ) Jeq'_

and then take co-efficient of x as a gradient.
5. If two lines are perpendicular or normal, then pro
6. \f gradient is +ive, then angle made by line with +iv
axis is obtuse.

Equation of straight line

i -1, i.e. myxmz= -1
duct of their gradient is equal to g | |
e x -axis is acute. If gradient is —ive, then angle of line with y.

. = t (c) is iv

1. Equation of straight line when its gradient (m) and VY intercept  (c) given
= mx+c. where xandy are the variables of the equation. o . _ _ ———

2. \I;quation of straight line when its gradient (m) and a point (x4,y1) is given OR equation of line passing gh

two points OR equation of tangentis y-ys =m (X-X1). _ .
To show that given straight line is tangent to the curve. First substitute e

simplify it, then show that b2-4ac=0.

quation of line in equation of curve,

3. Equation of perpendicular or normal or perpendicu lar bisector IS

1
Y-Y1= -—((x=x )-
m

In case of perpendicular bisector (X1, y1) = mid point.

use of graph to find unknown coordinates

L/
e

To find unknown point in case of two intersecting lines, find their point of intersection of two lines by elimination or
by substitution method.

To find point of intersection of a line and curve substitute value of any variable of linear equation in equation of
curve and find x, y co-ordinate.

< In quadrilateral if one diagonal is line of symmetry of given figure, then point of intersection of diagonals will be the
mid point of other diagonal.

&

AREA OF POLYGONS

W O )

B(x,, J’z)

A(’l-.‘h)
0_ - X

Given vertices A(x;, 71), B(xs, y3) and C(s, y), the aves of 4ABC is

.1 . 4y 2y & arrange the 3 points %
g In anti-clockwise
_ g . 2 -3 N _ | direclion ends
, _.-__Ekxlyz+x2y3+:3y1)—,(x2y'l+x§y2 +x1y5)]__ with the start point O

)

arrange [11 ¥2 %8 ¥1

72 93 | ™ €105 patiem [W\-{///

youtube.com/c/Megalecture/
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Example |

The ends of a line segment are (p—q,p+q) and (p+4,p—q).Find the length ofthe
line segment, its gradient and the coordinates of its'mid-point.

For the length and gradient you have to calculate
x3-x, =(p+a)~(p-a)= p+q-p+a=2q
and y,-y =(p—q)-(p+q)=p-9-p-9=-24.
The length is (%, - %)%+ (32 - %)? =/(20)*+(-29)° =44 +4q” =84".

}"2 yl. ﬁ="l
X,—x) 29

The gradient is —=—

For the mid-point you i;ave to caleulate ' -
xn+xn=(p=g)+(ptq)=p-qtp+tq=2p

and  y+y,=(p+q)+(p-g)=p+q+p-q=2p

The mid-point is (§(x, +x,).3(3 + )= (3 (20).3 (2p))=(p.p)- |

Example
Prove that the p-omts A( 1), 'B(5,3), C(3,0) and D(-1,-2) form a parallelogram,

(using mld-pomts) In this mcthod begin by ﬁndmg the xmd-pomts
of the diagonals AC and BD. If these points are the same, then the dlagonals bisect

each other, so the quadrilateral is a paraliciopramn.
"The mid-point of ACis ( (1+3), 5{1 + fJ‘l) which is ( ) The mid-point of BD is

(E (5+(- l)) =3+ (-—2))) which is also [ ) S0 ABCD is a paralleiogram. \_;\<\)

Q
Examp]e »-:\\\/“
Find thc equation of the line joining the points (3,4) and (-1,2). & </

e
To find this equation, first find the gradient of the line g@g (3,4) to (-1,2).
Then you can use the equation y—y;, =m(x - x,). P&

2-4  _
The gradient of the line joining (3,4) to (- l%&?—l)—s __..2&.=.%
The equation of the line through (3,4) @gradmm Lis y-4=}(x~3). After
multiplying out and simplifying youg; .- 2y-8=x-3,0r 2y=x+35.

youtube.com/c/Megalecture/
+92 336 7801123
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3.5 Points of intersection and circle properties

You know that the equation of a straight line is given by: y = mx +c,
where m is the gradient and c is the y-intercept. In Chapter 1 you learnt
that you can find the points of intersection of a line and a curve by
solving their equations simultaneously.

When a line touches a curve in exactly one place we call that line a
tangent to the curve.

This also means that there will only be one solution when solving
the equations simultaneously.

If you form a quadratic equation there ¥
will be only one (repeated) root,
ie. b>-4ac=0

—
o

__.-"/
=¥

youtube.com/c/Megalecture/
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Example 12
Find the centre and radius of the circle with equation x* + y* — 10x + 12y + 12 =0.

X-10x+y*+12y+12=0 <+—————— First rearrarge the equation to this form.
(x=5P2-25+(y+6)2-36+12=0 -

(x—5)2+ (y+6)* =49
-‘q. -
Centre is (5, —6), radius = 7. T Rearrange to this form.

\ a=5b=-6r=19

~——— Complete the square for x and y.

Example 13
Find the equation of the circle with centre (4, —3) that passes through the point (-2, 5).

(x—-4)+(y+3)P=r <« Write the equation of circle centre (4, —3).

-2-4P+ (5+3yP=r '
( Fe(5+3) T Substitute for x = -2 and y = 5.

36 4+ 64 = 1
# = 100 T Simplify
Equation of the circle is -
! T Workaut 72
(x—4)+(y+3)*=100 r :
~—

Write down the equation of the circle.

youtube.com/c/Megalecture/
+92 336 7801123
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3.4 Circles

If we take any point P(x, y) on the circumference of a circle, 4
centre O, we can work out the equation of the circle using — Pl y)
Pythagoras’ theorem.
¥
.
Zl »
o] x X

The equation of a circle, centre (0, 0), radius r, is given by x* + y* =r.

o

If we translate this circle by the vector [ g ), 17

we can get the equation of any circle, centre (a, b), radius r.

=
=¥

The equation of a circle, centre (a, b), radius r is given by

(x—a)P+(y=b)l=r.

If we expand this equation, we get x* — 2ax + a’+y* - 2by + P = .\ W0 \wien e cida i given In
When this is simplified, we get the expanded form of the equation {5 expanded form, we can use
of a circle: the method of completing the
X+y-2ax—-2by+c=0 wherec=a’+b*-r square 1o write the equation in the
form (x — @) + (y — b = r~.

The expanded form of the equation of a circle is given by
X+y+2gx+2fy+c=0,wherec=f+g - r.

Example 11
Find the equation of the circle with centre (-5, 7) and radius 6.

---------------------------------------------------------------------------------------------------------------

(x+5)+(y—7V =36 =——— Substitute into (x — aP + (y— b =2, wherea=-5,b=7and r = 6.

youtube.com/c/Megalecture/
+92 336 7801123
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Example 14

Find the set of values of k for which the line x = y + 2 intersects the curve y = x* + 3x + k at two
distinct points.

A R R N R R R R,

They meet when x? + 3x + k =x - 2.

FX+2x+(k+2)=0 < Rearrange as a quadratic equation.
There are two distinct roots when b? - 4ac > 0.
(2> -4(1)(k+2)>0 +——— g=1,b=2andc=k+2
-4k -4>0
—4k > 4 <——————— Use inequality signs throughout.
k<-1
Example 15

A line has equation y = 4k — x and a curve has equation y = 3x — kx?, where k is a constant.

a) Find the two values of k for which the line is a tangent to the curve.
b) Hence find the coordinates of the points where the line touches the curve.

a) 'The line and the curve meet when
4k — x=3x - kx? <————— Bath equal y.
kx? - 4x+ 4k =0
_‘_-‘_-_""-——_

The line is a tangent so there is one repeated root.
(—4)? — 4(k)(4k) =0

-

Rearrange in the form ax? + bx + c = 0.

T —4ac=0

16 =16k K*=1
k=lork=-1
b) When k =1:
X-4dx+4=0 <t———————  Substitute in ka®*—4x + 4k =0.

(x=-2)(x-2)=0
x=2,y=4k-x=4-2=2
When k =-1:

-x*-4x-4=0

X+4x+4=0

(x+2)(x+2)=0
x=-2,y=4k-x=-4+2=-2
Line meets curve at (2, 2) and (-2, -2). = The question asked for coordinates.

youtube.com/c/Megalecture/
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Example 18 A

12 4

The diagram shows a circle, centre C, with equation
(x = 7)* + (y - 6)* = 25. PQ is a diameter, where el S
Pis(3,9)and Qis (11, 3). R(12, 6) lies on the circle. 81

6 R
Show that the line perpendicular to QR and passing 4]
through R goes through P. 2] 0

---------------------------------------------------------------------------------------------------------------

6—3

QR has gradient 12_ —ia 3, so the gradient
of the perpendicular is —%. <+—— Gradients of perpendicular lines multiply to —1.
The equation of the perpendicular line through (12, 6) is given by
1
y—-6= —;(x —12) <«———— Subsitute the gradient and known point to get the equation of the line.
1
y=—3x +10 <—————— Rearrange to standard form.
1
Whenx=3,y= T3 x3+10=9 < Always finish the answer to a 'show that'
s0 P(3, 9) lies on the line. question with a statement.
Example 19

AB is the diameter of a circle, where A is (2, 6) and B is (8, 2).
The tangent to the circle at B meets the x-axis at P and the y-axis at Q. Find the coordinates of P and Q.

...............................................................................................................

A tangent is perpendicular to the diameter and we have 7
two points defining the diameter. 8-
6
ABha.sgradientﬂz—E,sothe 47
8-2 3 )]
gradient of the tangent at B is % u. ' >
-2
The equation of the perpendicular line through (8, 2) -4 1
is given by 6
8
1079
y—-2= %(x - 8). <—— Substitute the gradient and known point fo get the equation of the line.
3
> S 10 <————— Rearrange to standard form.

P Continued on the next page
Points of intersection and circle properties

3 20
When y=0,0= Ex -10=>x= Y <——— Substitute x = 0 and y = 0 to find coordinates of intercepts.

so Pis (%,0].
Whenx=0,y=-10s0 Q iswuﬂﬁ.be.co m/c/M €g aLecture/
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1. Find the value of k for which the line y = 2kx + 7 is a tangent to the curve y = 3 + kx’.
2. A circle with centre C has equation x* + y* —6x+ 4y + 8 = 0.
a) Express the equation in the form (x — a)? + (y — b)* =12,
b) Find the coordinates of C and the radius of the circle.

3. Find the set of values of k for which the line y = kx — 4 intersects the
curve y = x* at two distinct points.

Coordinate geometry

4. Theline y =5 - kx, where k is an integer, is a tangent to the curve y = 2k - x%
a) Find the possible values of k.
When k = 2, the line y = 5 - kx is a tangent to the curve y = 2k - x* at point A.
b) Find the coordinates of A.
5. Determine the shortest distance from the point A(1, 3) to the circle with
equation x* + y? — 10x — 12y + 45=0.
6. A curve has equation y = 2x* + kx - 1 and a line has equation x + y + k = 0, where k is a constant.
a) State the value of k for which the line is a tangent to the curve.
b) For this value of k find the coordinates of the point where the line touches the curve.
7. The equation of a line is y = x - k, where k is a constant, and the
equation of a curve is x> + 2y = k.

a) When k = 1, the line intersects the curve at the points A and B.
Find the coordinates of A and the coordinates of B.

b) Find the value of k for which the line y = x - k is a tangent to the curve x> + 2y = k.

8. A circle with centre C has equation x* + y* — 8x — 6y - 20 =0.

a) Find the coordinates of C and the radius of the circle.

b) A(10, 0) lies on the circle. Find the equation of the tangent to the circle at A.
9. Find the equation of the tangent to the circle x* + y* — 12x + 26 =0

at the point P(3, 1).

Give your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

10. A line has equation y = 2kx — 9 and a curve has equation y = x* — kx,
where k is a constant.
a) Find the two values of k for which the line is a tangent to the curve.
b) For each value of k, find the coordinates of the point where

the line is a tangent to the curve, and find the equation of the line
that joins these two points.

12. P(2, 1) is a point on the circumference of the circle x* + y* — 10x + 2y + 13 = 0.
PQ is a diameter of the circle. Find the equation of the line through P and Q.

12. Show that the line with equation y = 2x — 3 cannot be a tangent to the
curve with equation y = x> - 3x + 5.

13. A line has equation y = 2kx - 7 and a curve has equation y = x* + kx - 3,
where k is a positive integer.

a) Find the value of k fgogiichoe. b vy cHe gabeanture/
b) For this value of k, find the cao@hd83 6§ (HEQih(/h&e the line touches the curve.
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Exercise 3.5 page 65
1. k=-4
2. a) (x—3P+(y+2)=
b) Centre (3, —2), radius J5
k<-4, k>4
a) k=2ork=-10 b) (L,3)

k=3 b) (-1,-2)
a) (-3,-4)and(1,0) b) k
a) C(4,3),radius3v5 b) y=2x-20
Ix—y-8=0
10. a) k=2ork=-2
b) (3,3)and(-3,3);y=3
1L 2x+3y-7=0
12. Proof

e 2N N e W
-]
S

youtube.com/c/Megalecture/
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‘A line through 2 vertex of a triauglé which is perpendicular to the op
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Practice Questions

Exercise #1

A line joining & vertex of a triangle to the mid-point of the opposite side is called a median,
Find the length of the median AM in the triangle A(-1,1), B(0,3), C(4,7).

A tiarigle has vertices A(-2,1), B(3,~4) aad C(5.7)-

(a) Find the coordinates of M, the mid-point of AB, and N, the mid-point of AC.

(b) Show that MN is parallel to BC. )

The points A(2,1), B(2,7) and C(~4,-1) form a triangle. M is the mid-point of AB and N is
the mid-point of AC. .

(a) Find the lengths of MN and BC. (b) Show that BC= 2MN.

The vertices of a quadrilateral ABCD are AQ1,1), B(7,3,€(9,~7) and D(-3,-3). The
points P, Q, R and S are the mid-points of AB, BC,CDand DA respectively.

(a) Find the gradient of each side of PORS.  (b) What type of quadrilateral is PORS?

Find the equations of the lines joining the following pairs of poin.
(a) (1,4)and (3,10) ®) (4,5)and (-2,-7)
() (3,2)and (0.4) (d (3,7)and (3,12)
Find the equation of the line through (-2,1) parallelto y = 7%=3.
Find the equation of the line through (4,-3) parallel to y+2x = 7.
Find the equation of the line through (1,2) parallelto the line joinil_:g (3,-1) and (-5,2).
Find the equation of the line through (3,9) parallel tothe Tine joining (-3,2) and (2,-3).
Find the equation of the line through (1,7) parallel to the x-axis.
Find the equation of the line through the point (~2,5) which is perpendicular to the line
y=3x+1.Find elso the point of intersection of the two lines.
Find the equation of the line through the poiut (1,1) which is perpendicular to the line
2x~3y=12. Find also the point of intersection of ihe two lines.
posite side is called an
altitude. Find the equation of the altitude through the vertex A of the triangle ABC where A
is the point (2,3),B1s (1,-7) and C i8 (4,-1).

youtube.com/c/Megalecture/
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Answers:
1 5 6 y=-%-.'t+2
2 @ Mis(§,-13)Nis(1},4) y  y+2x=5
3 () MN}S.BC-IO g 3x+8y=19
4 (a) Gradicnts PQ and SR both - 1, 9 x+y=12
OR and PS both 3 o0 7=
(b) Parallelogram 1 £ 43y=13,(1,4)
5 (8 y=3x+l (b) y=2x-3 3x+2y=>5,(3,-2)
(C) 2x+3y—]2=0 (d) x—3=0 x,+2}v=8
O
rWO
@
v’é\
¥
&
S
@
S
ra\;
Q>
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Exercisé

: . Find the length
o 24=0 at the points A and B [6]
sy+2x=1 meets the curve xy
1 The straight line 22~

ecimal place: ; B. Find the equation of
el " ts the curve Xy +X= 20 at two points, Aand [6]
2 . ‘+u=23 intersec i '
mpemem yicular bisector of th line A yax4 2y +50=0 at the points 4 “Z"f '
Lo x=2y+ 18 intersec . o< on AB such tha (6]
The straight line b;ow the x-axis and that the point P lies
Given that A lies . e
coordinates of P- _ ine straight line ¥= 2%~ 3 intersects the cu (5]
4 Cind the coondinates of the points Whef®

_‘14.}-2-[-_[)'4-1':30.

:ces of a triangle.
5,2) are the vertices 0 :
The points A(-2, 2), B(4, &) and C,(q pm?allel to BC intersect at the point

The perpendicular
D.plgind the area of the

bisector of AB and the line through
quadrilateral ABCD.
. N
% : line through the
i ing through the points A(-_4. ()] and_ B(8., 9). The
The diagram shows the line AB passing rough e e Auxis o

point P(1, 10), perpendicular to AB, meets

(n
(2]

(i) the coordinates of C and of Q.

(i) the area of triangle A cQ-

youtube.com/c/Megalecture/
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Answers
;T - (8,-3) and (-7.5,3.2)
d= 4(15.5’+6.2’) = 16.7

2 = (83) wmd (LI9)
me=d Papcndiculll‘ Va
Mid-pont = 3.11)

— "y 21 +4| &

3 (2,-6) and(8,3)

P(4,-3)

. (3,3) and (-1,-5)

5 x= 8,_'!'=_I'8
method for area
71

©
&
&
o
@
5
&
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Answers
9 ;'-l"-'/i-(x:-il)

p (@ y-step +x-step =2
el AC=13
C(-1,6)5 D (5. 12)

2 Equationy-3=-3(x-2)

(i) Ifx=0,y=9,B(0,9)
Vector move D (4, -3)

Area =40

i
3 4=(1,-1)

x=-Y, y=34

Equation is _1'—3=;l(x~2)
4 ¢ 2D

Solution of sim eqns — a =6, b =3
5 Equation MB:y—-4=-2(x-1)

Wheny=0,x=3 or B=(3,0)

(i) D =(-1.8)
AD = V30 or 6.32

6 —(6, 1) and (2, 3)
Midpoint Af (4, 2)
”r-—l

Perpendicular mr =2
— y=2=2x-—-4)

k<—+498 and k¥ > /3%

T ) (%2
x=2y+4=0
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Past Paper Questions

Co-ordinate Geometry

N

The line L| has equation 2x + y = 8. The line J:'..2 passes through the point A (7, 4) and is perpendicular

tolL,.
(1) Find the equation of L, "
(1) Given that the lines L, and L2 intersect at the point B, find the length of AB. [4]
Thecurve y =9 — E and the line y + x = 8 intersect at two points. Find
x
(1) the coordinates of the two points, [4]
(1) the equation of the perpendicular bisector of the line joining the two points. [4]
y
' 3 C
B(2,10
D(6.2)
A //’; — X

10) and (6, 2)

: dinates (2,
The diagram shows a rhombus ABCD. The points B and D have coor ( o

respectively, and A lies on the x-axis. The mid-point of BD is M. Find, by calculation,

[ ]

Ofﬂach OfM,A ﬂ.nd C. t 6
= i i = i i 1 .staHCB ween

The curve }‘) 12x intersects the line 3}’ 4x + 6 at two pOlI][S I l"d the di be the [w[ 0]

i
A

points.

A2, 14)
B</\
(=2, 8)

a

The diagram shows a rectangle ABCD. The point A is (2, 14
Find

(i) the eguation of BC,
(i) the coordinates of C and D.

> X

). B

S
D
@\f
O

&
&

youtube.com/c/Megalecture/
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/
C
6
B
0 i d the equation of AC is
. s _and y-axes respectively an
In the diagram, the points A and C lie on the x a’i‘lh y O or lar from B 10 AC meets AC a the \l
2y+x = 16. The point B has coordinates (2, 2). The perp |
point X. ‘ '|l
(i) Find the coordinates of X.
The point D is such that the quadrilateral ABCD has AC as a line of symmetry.
(2]
(ii) Find the coordinates of D.
i [3]
(iii) Find, correct to 1 decimal place, the penmeter of ABCD.
7 T )
B
A
4] \ — 1
D{10.-3)
i i i i = int A lies on the y-axis
The dia; shows points A, B and C lying on the line 2y = x + 4. The point - the
and Aﬂgnc. The line from D (10, -3) to B is perpendicular to AC. Calculate the coordinates of B
and C. ¥ M
8 1

In the diagram, A is the point (~1, 3) and B is the point (3, 1). The line L, passes through A and is
parallel to OB. The line L, passes through B and is perpendicular to AB. The lines L, and L, meet at
C. Find the coordinates of C. [6]
The line L, passes through the points A (2, 5) and B (10, ). The line L, is parallel to L, and passes
through the origin. The point C lies on L, such that AC is perpendicular to L,. Find

(f) the coordinates of C,

[5]
(k) the distance AC. ¥
youtube.com/c/Megal_ecture/ J
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10 The point A has coordAUVY-T1EGAIGGILIE.COM
' point 5 has coordinates (7, 1), The
gl perpendicular

bisector of AB meets the x-axis at C and the y-axj
11 he point R is the reflection of y-axis al D. Calculate the length of cp,
: of the point (-1, 3) in the line 3y + 25 (6]
coordinates of R. Y = 33. Find by calculay 7t
12 '
Find the coordinates of the point at which the ndicular bi ine ice =
(10, 3) meets the x-axis. il ar bisector of the line joining (2, 7 to
(5

The point C lies on the perpendicular bisector of the line joining the poj
13 C also lies on the line parallel to AB through (3, 11), J 4 points A (4, 6) and B (10, 2).

(1) Find the equation of the perpendicular bisector of AB. (4]

(1) Calculate the coordinates of C. (3]
Three points have coordinates A (0, 7), B (8, 3) and C (3k, k). Find the value of the constant k for
which

(i) C lies on the line that passes through A and B,

14
(4]

(ii) C lies on the perpendicular bisector of AB. [4]

15 4 ”

B(l,8)

A0.2)

—x

0

The diagram shows a rectangle ABCD, where A is (3, 2) and B is (1, 6).
(4]

(i) Find the equation of BC. %
Given that the equation of ACis y = x — 1, find @@
(2]

(ii) the coordinates of C, W

(i) the perimeter of the rectangle ABCD.
Find the coordinates of the points of interseciion of the line y+2x=1 1@\&:& curve xy = 12.  [4]

»
T c

16

17

(4. 6) D

o—&5% S
The diagram shows a trapezium ABCD in @"- BC is parallel to AD and angle BCD = 90°. The

coordinates of A, B and D are (2, 0), (4, 6) and (12, 5) respectively.
[5]

(i) Find the equations of BC and CD. |
[2]

(if) Calculate the coordinates of C.

youtube.com/c/Megalecture/
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Wﬂ@gﬁi @ﬁtﬂlmﬂempﬁa line i

18 Thc equation of B CUNYE isy= =B

line intersect at the points A

i t th
(1) The mid-point of AB is M. Show tha

¢ coordinatcs of M arc ( -).

¢ tangent is parallel to the
of the point @ on the curve at which th Ha
i coordinates
() Find the .
y+3x= 9. [ll
: .

(1) Find the distance MQ. 6). B(8, 10) and C (6, 0). The pcrpcndlculnr bisector of Ap

13 ‘[‘hrec points have coordinates A (2, )s :

meets the line BC at D. Find

o [4)
i ax+by==¢
i bisector of AB in the form
f the pcrpcnd:cuiar ‘
(1) the equation 0 ]
rdinates of D.
(i) the coordl ;‘F s
20
B(13.11)
D
A(1,3)
0 > X

The three points A (1, 3), B(13, 11) and C (6, 15) are shown in the diagram. The perpendicular fron
C to AB meets AB at the point D. Find

3
(i) the equation of CD, [3
21 (ii) the coordinates of D. 4

)

B(6.2)  C(0,2) /)

o - ‘\ > e
The three points A (3, 8), B (6, 2) and C (10, 2) are shown in the dlagram. The point D is such that
the line DA is perpendicular to AB and DC is parallel to AB. Calculate the coordinates of D [7

\>d9 "

A
(3. 8)

youtube.com/c/Megalecture/
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22
Yoo
int A is (0, =2) and C is (12, 14). The diagonal BD is
i tangle ABCD. The poin
The diagram shows a rec
parallel to the x-axis. .
@) Explain why the y-coordinate of D is 6.
The x-coordinate of Dis h. i
(if) Express the gradients of AD and CD in terms of k.
[4]
(iii) Calculate the x-coordinates of D and B. ;
(iv) Calculate the area of the rectan gle ABCD.
}F
23 A y= _%_x
y=3x+4
B
A
— X
- 0
— ine y = 3x +4. The curve an ine meet at
The diagram shows part of the curve y = = and the line y = 3x +4. Thecu @\J
points A and B. s )
£
(i) Find the coordinates of A and B. /ﬁkoé\{“
wi el
(ii) Find the length of the line AB and the coordinates of the md-p\@f AB. 3]
24
803, 6.’ ,\\%
N ~— C(9.4) \Dsf‘
/S
Al
o
Al=1.=1)

The diagram shows a quadrilateral ABCD in which the point A is (-1, —1), the point B is (3, 6) and
the point C is (9, 4). The diagonals AC and BD intersect at M. Angle BMA = 90° and BM = MD.

Calculate
(i) the coordinates of M and D, [71
(if) the ratio AM : MC. [2]

youtube.com/c/Megal.ecture/
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D are (7, =2) (Ii) 3:2

Answers 24 (i M(s. "

1 (“ 211-:..-120 (")'4"1 25 (i) x+2y221 ('i) "31 7'

N vex=9
2 (i) Aoy 6 (210
' ’ iii) 15 units

3 B 27 (i) 3y=x+16 (i) 65,73 (i)

3

- 13.75 units
4 0OGIY and 9 (i) (20

28 (i) k=7
= i) 4, 6)

5 () 2x+3y=20 (i)go,0 Dt o as6, be8

6 (i) 46 (i) D(6, 10) (iii) 40.9 units
7 Bare (6 5) Cere(l12. 8)

8  coordinates of C are(5.5)

9 ()& (i) &5 wis

10 *Care (3, 0) Dare (0. 2) 'CD=2.5 wnis
11 coordinates of R=(7, 1)

12 (35,0

13 ()2y=3x-13 (i) 4.7

14 (i) k=28 (i) k=06

15 (i) 2y-x=11 (i) €03 12) (iii): 35.8 units

g2 s]
16 - coordinates are: (4, 3) an 3

17 (i) y+2x=29 (i} (0,9
18 (iik(2. 2 (i) +2; uaits
19 (i) 3x+2y=3I (ii) €7, 5)

20 (i) 3x+2y=48 (i) 10.9
21 (62, 9.6)

22 () 6 (i) =%

(iii) Bis —4. D is 16. (iv): 160 unit®

23 (i) dare (L n'am(-i-. s]

(i) 5.27 wnits. (-5 =

youtube.com/c/Megalecture/
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SERIES (AIFCAND GIP)

Arlthmetlc progression (A.P

If difference of any
fference

onstant, then it the sequence is called arithemetic

two consecutive terms of a sequence Is ¢
is denoted by ‘a’. general term formula of ‘AP is

o ession. The di is usually denoted by ‘d’ and the first term
P

an= a+(n-1) d

denotes sum of nterms in AP, then

If sn’

sn= 2 [2a+[n-1)d]. If last term of sequence is given, which is denoted by /" then
2

Sn= —[a+1]

W@M

ive terms in 3 s€

If ratio of any two consecuti
gression (G- P). Its ratio is called common ratio and is denoted by r'. If

en the sequence is called geometric

quence is constant, th
first term of G.P, then its general term

P
pro a’is the
formulaisan =2 g

sum of finite terms in G.P

s,,:ii-(-l—_-ilifrd (i) S, _ar -Vl
1-r -1
Sum of infinite terms in G.P
S = ——ifr<l
* 1-r @
)

.@
the original function, thgp\\E’Ts called convergence series
| function, then it is dleng d as convergence function.

23
"-\\\\C

given series is equal to infinite ua1ues,@1’t i called divergence function i.e. Sa0=0

Convergence series

infinite terms of a function is equal to

If the sum of all
ist to origina

OR if infinite term is nearly equal to zero and S ex

Divergence series

If sum of infinite terms in

Use of general term formula and sum of terms (Si);@
Y

General term (a,) formula is used to find out single term OR to find value of unknown variables if value of any

specific term is given in A.P and G.P.

youtube.com/c/Megal.ecture/
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f unknown variables when sum of specifjc tor

of un

s used to find SWf%agaﬁ?é?COm . . . iy
near equations according to given conditions and solve th

L

ulai A
sum of terms (Sn) form known variables, make two 1l

is given. To find value of un
simultaneously.

sequence and put them equal and Simp"fv

from any two pairs of consecutive terms In
'

or
21
Exp; Ifa,a+ddat 14 d are in G.P then find value of r.
a+4d . a+14d
. = or =
s a a+4d
" <on a+4d a+14d
ompariso —
y comp d  a+4d

Valueof r'inr=2 —2-

Case of %

In case of %, G.P is used to find value of r for increased amount, change given % into decimal form and add it in 1
and for decreased amount, change given % into decimal form and subtract it from 1. For value of specific year, apply ‘a.’
formula and for total amount apply Sn formula in G.P. if no increase or decrease is given with %, then given % in decimal

form is taken as value of r.
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. Techniques relevant to problem solving:

() Ferming an couation relating three terms of 4 sequence,

If x, yand zare consecutive terms of an AP, then we have y—x =2~y

If x, yand zare consecutive terms of a GP, then we have A
y

of its parent sequence:

Example: A descending geometric series has first term @ and the common ratio r is positive.

The sum of the first 5 terms is twice the sum of terms from the 6" to 15™ inclusive.

5 _ 15 _
While it is not erroneous to state that S = 2(S,, - S, )= i 4 ] l) = z[a(r 1 l]-— a(r 11}],
r~— =

e 6™ to 15™ (10 terms altogether)

it would be far more elegant to use the understanding that th

terms of the GP can be construed as a separate GP series with first term = ar®' = ar’ but with

the same common ratio r as the parent series. Hence, we have

alr 1) 2[ar5 (r —1)]*

r—1 71

which would render future developments of any solution a tad more efficient.

At the end of a month, a customer owes a bank $1500. In the middle of lrhé@rbnﬂl

Example:

pays $x to the bank where x<1000, and at the end of; r\ nth the

the customer
@
of the remaining amount stilbl\c\ngcd. This process

bank adds interest at a rate of 4%

continues every month until the money owed is repaid 1%%\1&

(N
(i) Find the value of x for which the customer still owes S 150@ start of every month.

whole amount mr.red@é ~aid off exactly after the second

@Qxy

the who unl owed is paid off exactly
O

(ii) Find the value of x for which the

payment.
(iii) Show that the value of x for which

after the ( n+1)th payment is given by

1_5_0_.%_&"_1}_.“,],& r=104

X =
r =1

youtube.com/c/Megalecture/
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(i) 1500=(1500-% )(1.04) => x = $57.69 (shown)
(ii) After 1" payment of $ x , the amount owed= (1500 - x )(1.04)

111cl'¢f0l'¢- (1500-):)(1.04)=:I' = Xx= 5764.71 (ShD'WII)

(i) Aterthe sccond payment of $.x, amount owed at beginning of 3* month i

[(1500- x)1.04 -x] (1.04)=1500(1.04)" ~1.04* x—1.04x
After the second payment of $x, amount owed at beginning of 4th month js

[1500(1.04)* —1.047 x —1.04x - x](1.04)
=1500(1.04)" —1.04° x — 1,042 x—1.04x
After nth payment of $ x, the amount still owed at the beginning of the (1 + 1 )th month
=1500(1.04)" —1.04"x - 1.04" " x — ... —1.04° x—1.04x
=1500r" —x(r+r> +......+r") where r =1.04
At the (n1+1)th payment,
x=1500r" —x(r+r° + + r")
x(14 r+r® +...+r")=1500r"

-1 15007" (r —1)
)=1500r"= x = .
rF—

(shown)

r
= I( n=l
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Example
st rading 0 426-page book fndsthat e reads fuste 1 he et nt0 e sec.

He reads l9muonthaﬂrldly.mdhhntoofmdin.mmw|,,3Fw,wh
day. How long doed he take to inish the book?

You are given that a=19, =3 ind $=426. Since §=4n(2a+(n-1d),

42%= §n(3's+(n- 1)3),
852 = n(3n+39),
4n? +35n~852=0.

Using the quadratic formula,
_35+\35 —~4x3x(-852) -35+107
e 2x3 6

ool LU .1 finish the book in 12 days.
Since nmustbepositive.n=-—-—6-——--g--12.ﬂemll ' .
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Exercise #1
1 State the first torm and the common difference and then find the 7th and the 15th
| terms of the following APs:
(@) 2,6,10,.. ®) -3,0,3...
@ 1,13 .. | @ 17,14, 1.1, ... . _
:&:ﬁeip%a, l.4....m(a)1hc8mtmn.(b)dwthhlum.(c)thafommlafor
| the ath term. 3

3 Find (a) the 9th, (b) the 20th, terms of the AP 17, 13,9, ...
(c) Which term of this AP will be ~35 ?
(@ Find a formula for the rith term.

4 (1) Find a formula for the nth term of the AP -10, -7, 4, ...
(b) If 2x - 3 is the arithmetic mean of x* — 4 and 5x - 8 find the values of x.

S The 8th term of the AP a, a + 4, a + 8, ... is 33. Find (a) the value of a, (b) the 15th
| e

6 IftbaﬁrsthrmofanAPixsandththhtermiszs.ﬁndthcoommondiffereﬂce-
7 Find (a) the 7th term and (b) a formula for the th term of the AP 4, 3, 13, .
8 The 4th term of an AP is 13 and the 10th term is 31. Find the 20th term.

9 The 5th tenm of an AP is 53 and the 9th term is 8. Find the 17th term and a formula
for the nth cerm.

10 The 4th term of an AP is 5 and the 11th term is 26. Find
(a) theﬁmmmdlheconmoudﬂfmcc,
(b) a formula for the nth term.

11 A ball rolls down a slope so that it travels 4 cm in the Ist sccond, 7 cm in the 2ad,
10 cm in the 3rd and so on. How far docs it travel in '
(@) the 7th,
(b) the nth, second?

12 The nth term (T)) of an AP is given by T, =3 — 5n.
(a) Smte (i) the 8th term, (ii) the 21st term.
(b) What is the first term?
(c) What is the common difference?

13 The nth term (T,) of an AP is given by T, = 4 (4n - 3).
(2) State (i) the Sth term, (ii) the 10th term. .
| (b) Find the common difference. )
114 If the 5th term of an AP is 10 and the 10th term is S, find the first torm and the .
IlsIfthcmhmdmukdmblemsmmfmdmemmonﬂiffcmm i
that the first term is 7. givea

ilﬁThslﬁth@nofanAPisthmctimesmesmmlflhellmtmni 20
the 7th term, find the first term and the common difference. Rt

!7InmAPtbeQd:mmis—4!im=slhe4thmmdtlicmmofth Sth and 7th terms
171 th
:s9.Fmdtheﬁrsttwmmdthccommdiff¢m. © o

18“"'Mﬂ322ndtcrmis4timesme5mmmﬂem ;
| term 12th
8th Find the first term and the common difference. ferm is 12 more than the

?
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19 Find a formula for ey weomef ga leciLag Z,0m :
20 The sum of 3 consecutive terms of an AP s 6 and their :
21 p, q and r are three consecutive terma of an AP. Express p and r in terms of
where d is the common difference. If the sum of the terms is 21 and p = 67, find o
and r. ’

22 Which of the following sequences is an AP? -
@ 3§ 3 35 ® L.2.3...

(c) gl.-}l ;"" . (d) lljj %' é.-..
23 The 9th term of an AP is 3 times the 5th term.

(2) Find a relation between a and d.

(b) Prove that the 8th teom is 5 times the 4th term.

24 If x + 1, 2x — 1 and x + 5 are three consecutive terms of an AP, find the value of x.
25 x+2,x+3md2x“+]mmmmmwdvemofmﬂ,ﬁndlheponiblevﬂm

of x.

Answers:
1(a) 2,4:26,58 (b) -3,3:1539 () L &1

2 ?a; 19 31 () 3n-5 3 (a)-15 () -59 (o) ldth (@ 21 - dn
4()3n—13 )23 5(@@5 M6l 625 7()2; -b) ¢(2r+1) 861
9 14; X3n+T) 10 (8) 4,3 () 3n-7 11 (a) 22cm () In+1cm

12 (a)() =37 (i) 102 () -2 () -5 13 (a)G) 83 (i) 18; ()2 14 14,-1
152! 16 6,4 17 18,4} 1853 19 ;(7-m 20 -3,2,70r7,2,-3 1
21 g~d,qg+d;12,7,2 22 (a) and (d) 23 (a) a+2d=0 244 25 -lorlj;

L9l (@) 17,-0.3;-0.1, 2.5

5
O
o
o3
NS
o
&
W
&
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Exercice H2

22 and the sum of the first 4 terms is 49.

metic pI'OE“’ss‘Dn is

th term of an arith
- f the progression and the common difference. "
ep
(1) Find the first term O
The nth term of the progression is 46. i

second term is —0. Find

(i) Find the value of n.
progression is 12 and the |
1

The first term of a geometric
(D) the tenth term of the progression, <

to infinity. p
(if) the sum to infinity cum to infinity which is three times the ﬁir:
]

(a) A geometric progression has a third term of 20 and 2
term. Find the first term.
sion is such that the eighth term is three times the third term- Show ﬂ[l:;

(b) An arithmetic progres
ht terms is four times the sum of the first four terms.

the sum of the first eig
(a) The first two terms of an arithmetic progression are | and cos® x respectively. Show that the sug
of the first ten terms can be expressed in the form a — b sin?x, where a and b are constants tD[S]

found.
; 1
(b) The first two terms of a geometric progression are 1 and 4 tan®6 respectively, where 0 < 8 < 57.

(i) Find the set of values of @ for which the progression is convergent. [2]
(ii) Find the exact value of the sum to infinity when 8 = —éﬂ. 2]

The first term of an arithmetic progression is 12 and the sum of the first 9 terms is 135.
2]

(i) Find the common difference of the progression.

The first term, the ninth term and the nth term of this arithmetic progression are the first term, the
second term and the third term respectively of a geometric progression.

(i) Find the common ratio of the geometric progression and the value of n. [5]
The third term of a geometric progression is —108 and the sixth term is 32. Find
(i) the common ratio, [3]
(ii) the first term, [
(iiif) the. sum to infinity. 2]
(a) ;‘:1; :lf:; laenr:in tgi :1:1; :]nmtgm;eiﬂgssion is 18 and the sum of the first 5 terms is 75. Find ?;;

(b) The first term of a geometric progression i ]
S 6 progrcasion. progression is 16 and the fourth term is ZL. Find the sum to inﬁnit)]'
[3
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(a) A geometric progression has first term 100 and sum to infinity 2000. Find the second term 131

(b) An arithmetic progression has third term 90 and fifth term 80.
(1) Find the first term and the common difference. 2]

(i) Find the value of m given that the sum of the first 71 terms is equal 1o the sum of the first

(m + 1) terms. 21

(1if) Find the value of nt given that the sum of the first n terms is zero. 121

(a) The sixth term of an arithmetic progression is 23 and the sum of the first ten terms is 200. Find

the seventh term. [4]

(b) A geometric progression has first term 1 and common ratio r. A second geometric progression

has first term 4 and common ratio +r. The two progressions have the same sum to infinity, S.
3]

Find the values of r and §.
The first and second terms of a progression are 4 and 8 respectively. Find the sum of the first 10 terms
given that the progression is
(1) an arithmetic progression, 2]
2]

(ii) a geometric progression.

The first term of an arithmetic progression is 61 and the second term is 57. The sum of the first

n terms is 7. Find the value of the positive integer n. 4]

The first term of a geometric progression is 5§ and the fourth term is 24. Find

(i) the common ratio, [3]
(2]

(ii) the sum to infinity.
(a) In an arithmetic progression the sum of the first ten terms is 400 and the sum of the next ten
terms is 1000. Find the common difference and the first term. [5]

A geometric progression has first term 4, common ratio r and sum to infinity 6. A second
. common ratio r~ and sum to infinity 7. Find the values

(b)

geometric progression has first term 2a
of aand r. [5]
(a) In a geometric progression, the sum to infinity is equal to eight times the first term. Find the
2]

comimon ratio.

(b} In an arithmetic progression, the fifth term is 197 and the sum of the first ten lcn@ls 2040. Find
the common difference. fw [4]
%>
O
G
ds

©

X
&
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=10 o
I‘I-Sla
Y 5 12 r=—:-oro.75
- "'23
= 1
‘T 213 or21.3)
- 13 d=6 a=13
=45
34(r=1 12 1714
Eﬁmgﬁ“ﬁ a=2 or1.71(4)
(20 +3d)=8dor
e in? p=2 or0.714
4 gw=l{l—-455m X 7
(o-c)a::% - " r=§
S.,=-§- or 1.125 g 14

> L
pd=’fi )"‘21

- [_E). (i) a=-243
3

6

r-145.8
7 a=12, d=1%

Sum to infinity = 64

g _ ar=93_
520
n=41

9 20

4
:—DES:S
=5
G
10 220
4092
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1 [n an arithmetic progression, the 1st term is ~10, the 15th term is 11 and the last term is 41. Find the
sum of all the terms in the progression. (51

2 A geometric progression has first term 64 and sum to infinity 256. Find

@) the common ratio, 121

(1) the sum of the first tcn terms. 2]
3 A geometric progression has 6 terms. The first term is 192 and the common ratio is 1.5. An arithmetic
and common difference 1.5. Given that the sum of all the terms in the

progression has 21 terms
geometric progression is equal to the sum of all the terms in the arithmetic progression, find the first

term and the last term of the arithmetic progression. 6]

4  Each year a company gives a grant to a charity. The amount given each year increases by 5% of its
value in the preceding year. The grant in 2001 was $5000. Find

(i) the grant given in 2011, [3]
(i) the total amount of money given to the charity during the years 2001 to 2011 inclusive. [2]
5  The second term of a geometric progression is 3 and the sum to infinity is 12.
(i) Find the first term of the progression. [4]
An arithmetic progression has the same first and second terms as the geometric progression.
(ii) Find the sum of the first 20 terms of the arithmetic progression. [3]
6 The first term of a geometric progression is 81 and the fourth term is 24. Find
(i) the common ratio of the progression, [2]
(if) the sum to infinity of the progression. @B\SX [2]
The second and third terms of this geometric progession are the first and fourth respectively of
an arithmetic progression. @ >
<
(iii) Find the sum of the first ten terms of the arithmetic progression. ,& 3]
2 (a) Find the sum to infinity of the geometric progression with first terms 0.5, 0.5° and 0.5°.
3]
D [

%
(b) The first two terms in an arithmetic progression are 5 (dQ}The last term in the progression is
the only term which is greater than 200. Find the ?J.\@rt’fill the terms in the progression.  [4]

a
8 (a) Find the sum of all the multiples of 5 between @Q&ﬁd 300 inclusive. [3]
0,
(b) A geometric progression has a common m@g@ —$ and the sum of the first 3 terms is 35. Find
[3]

(i) the first term of the progression,

(ii) the sum to infinity. [2]
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ay that the angles of the sectors are in arj M

i - ok llest sect
e to 6 sectors in suc : . g the angle of the sma or. G
A circle 1s divided in "t sector is 4 time - -
9 (a) ion. The t;ngl_‘ ‘;g ::es ::anrlg find the perimeter of the smallest sector. h
that the radius of the circ ' | T
nd and third terms of a geometric Progressio’ ;gvzkc:k;ulate e
o 2‘13 ﬂlfﬁaiﬁ?the terms of the geometric progression are po ;
iven y
@) the value of the constant k, [I*
infini the progression. o 1
S e Of‘ e first n terms denoted by S, 1s given by
10 (a) Inan arithmetic progression, the sum of the firs :
S, = n* +8n.
B

Find the first term and the common difference.

i f the secon
' i m is 9 less than the first term. The sum ©
(b) In a geometric progression, the second ter it 87, 5% B

and third terms is 30. Given that all the terms of the progres 5
11 |

(a) The first and last terms of an arithmetic progression are 12 and 48 respectively. The sum of the
first four terms is 57. Find the number of terms in the progression. [4]

(b) The third term of a geometric progression is four times the first term. The sum of the first six
terms is k times the first term. Find the possible values of &. [4]

The 1st, 2nd and 3rd terms of a geometric progression are the Ist, 9th and 21st terms respectivel
12 of an arithmetic progression. The Ist term of each progression is 8 and the common ratio of th
'geometric progression is r, where r # 1. Find

(i) the value of r, [4

(ii) the 4th term of each progression. [3

13 (a) The first, second and last terms in an arithmetic progression are 56, 53 and —22 respectivel
Find the sum of all the terms in the progression. [4

(b) The first, second and third terms of a geometric progression arz 2k -+- 6, 2k and k + 2 respectively
where k is a positive constant. '

(1) Find the value of k.

3
14 (i) Find the sum to infinity of the progression.

v
A water tank holds 2000 litres when full. A : ;
each day a greater amount of water is lost small hole in the base is gradually getting bigger so th

(i) On th i i
) On the first day after filling, 10 litres of water are lost and this increases by 2 litres each day

() How many litres wi
Yy litres will be lost on the 30th day after filling? L

(b) The tank be .
( comes empty during the nth day after filling. Find the value of n £}
i) Assume instead that 10 | -
. tre
increases by 10% op wyr ss. of water are lost on the first day and that the amount of water®

left i ucceeding day. F;j
€itin the tank at the end of the 30th fa), :ﬂe]:l’:il]i:;hat Percentage of the original 2000 lltﬂ‘[;
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15 A geomeltric progression, for which the common ratio is positive, has a second te
term of 8. Find rm of 18 and a fourth

(i) the first term and the common ratio of the progression,

K]
(i) the sum to infinity of the progression. 2]
16 (a) A debt of $3726 is repaid by weekly payments which are in arithmetic progression. The first
payment is $60 and the debt is fully repaid after 48 weeks. Find the third payment. (3]
(b) Find the sumto infinity of the geometric progression whose first term is 6 and whose second term
is 4. 31

Find

17

(1) the sum of the first ten terms of the geometric progression 81, 54, % ¢ - 3]
(11) the sum of all the terms in the arithmetic progression 180, 175, 170, ..., 25. 131

18 A small trading company made a profit of $250 000 in the year 2000. The company considered two
different plans, plan A and plan B, for increasing its profits.

Under plan A, the annual profit would increase each year by 5% of its value in the preceding ycar.
Find, for plan A,

(1) the profit for the year 2008, 3]
(i) the total profit for the 10 years 2000 to 2009 inclusive. [21

Under plan B, the annual profit would increase cach year by a constant amount $D.

(i) Find the value of D for which the total profit for the 10 years 2000 to 2009 inclusive would be

the same for both plans. [3]
19 (a) Find the sum of all the integers between 100 and 400 that are divisible by 7. 4]
(b) The first three terms ina geometric progression are 144, x and 64 respectively, where x is positive.
Find
(i) the value of x, @
(i) the sum to infinity of the progression. ©©

4 =

{
20 o
The 1st term of an arithmetic progression is a and the common difference is @%er& d#0.
/ﬁ\
(i) Write down expressions, in terms of a and d, for the 5th ferm anc%@ Sth term. 1

The 1st term, the 5th term and the 15th term of the arithmetic p y sion are the first three terms of
a geometric progression. v

©<@>
(ii) Show that 3a = 84. @ [3]
N

(iif) Find the common ratio of the geometric progr n. [2]

Q
21 The first term of an arithmetic progression is 6 and the fifth term is 12. The progression has n terms
and the sum of all the terms is 90. Find the value of n. [4]
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“ .
- 2 (a) (i ﬁrﬂlﬂﬂhﬂz (")123 (b) n=18
e 26 (a)3hours15minme! (b 216 27 (a)-2 (b) g
3
P o e 28 (a) (1) 130 km (ji) ll:qmllnwillﬁnishﬂnmmmmh
e (b) (i) a=16 (i) 32

4 (i) $8140 (35 (ii):871034

5 (i) firstterm=6 (iik=450

6 (i) r=3 i) 243 (iii) 270

7 (a) Z(b) 5150

8 (a)8200 (b) (i) a=45 (i} 27
9 (a) 12.1em (b) (i) k=12 (i) 8l
10 (a) 2 (b) firstterm=27

1 (a) n=25 (b) 63,-21

12 () r=2 (i) o3

13 (a) 459 (b) (i)k=6 (i) 54
14 (i) (a) :68 litres (b)41th day. (ii)17.75%
15 (i) a=27 (i) S-=81

16 (a)=$61.50 (b) 5.=18

17 (i) »239 (ii) -3280

18 (i) 369000 (ji) $3140000 (iii) 14300

19 (a) 10836 (b) (i) x=96 (ii)432
20 (i) T; =a+4d Ty=a+Hd (iii) 25
21 n=8

22 (i) a=117 (i) a=128

23 (a) m=47

24 (a) (i) 3 (ii) 57 (iii) 570

(b (i)ses20 (ii): $56800
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o

syllabus:
out the process of completing the square for a quadratic polynomial ax?+bx+c, and use this form, e.g. to locate

’ the vertex of the graph of y = ax*+bx+c or to sketch the graph; ‘

Find the discriminant of a quadratic polynomial ax2+bx+c and use the discriminant, e.g. to determine the number of
" eal roots of the equation ax*+bx+c=0:

solve quadratic equations, and linear and quadratic inequalities, in one unknown; '
’ solve by substitution a pair of simultaneous equations of which one is linear and one is quadratic;
: recognize and solve equations in x which are quadratic in some function of x, &.g. x*— 5x2+4=0

UADRATICS EQUATION

An equation with highest power of variable 2" is called
_0 where ‘@’ is co efficient of x2, ‘b’ is co-efficient of x with sign and ‘¢’ is independent of x term.

quadratic equation. standard form of quadratic eq is

axl-l‘b}('l’c

Graph of quadratic

The graph of quadratic is with minimum or maximum turning poi
of x3). if a>0 (+ive), then turning point or (stationary) point will have minimum va

nt, depends upon the value of ‘a’ (co-efficient
lue. If a<0 (-ive), then turning point has

maximum value.

sketch of quadratic graph

Express y = ax’+bx+casy =a (x-h)? + k by completing square method. In either
case (min or max) the turning point is (h, k) and the curve is symmetrical about x = h the
extreme value (min or mx} is k. this value occurs when the square term (x-h)* = 0 i.e.

when x =h.
If ax?+bx+c=0 is factorised to a (x-a) (x-B), then graphs are: @
—-b b2 @
2D yme = Q
2a 4a @9
Q@

Roots of a quadratic equation %
O

| roots means, the values of

The coordinate of turning point can also be found directly by the formulax =

Roots of equation means values of x of points of intersection of the line or cu
x whose square is +ive. To find roots or real roots of equation simplify given equatiq&g apply quadratic formula.

-b+b*—4ac . .
X= , and discard the values, whose square values , for real roots.

2a @
A
¢

In quadratic formula, the value b?-4ac is called he discriminant of the quadratic expression ax2+bx+c, as it allows
to discriminate among the possible types of roots. It also tells the position of the curve y = ax*+bx+c relative to the x-
axis,

Discriminant
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WwWwW.m
egaIeCtu rﬁe’ %&?—UQ cuts the x-axis two point. If b%-4acs the,

Nature of roots
tion has two distinct real roots and t

i) If b2-4ac>0, then equa

roots are real.

ii) If b-4ac =0, Then & 4
meet the curvé at only one point}.

iiil) If b2-4ac<0, then equation has no real roots and ':;he curve does notcl’?:ts
i —jve ot the line and curve have no common p ;

always +ive or always g

& Toshow thateq has no real roots, W€ have to show t:hat b2-4ac is
+ive or b*-4ac>0 and for exactly one real roots put b?-4ac=0
of line and curve

point of _intersectlon

& The graph of quadratic equation is a curve while graph of linear equation is 3 stréight line. Tlo fumfj pc:'mts of
intersection of line and curve, make subject to any variable of linear equation and .frubstltutg that v'a ue od variable i
eq. of curve. Solve it and find values of xandy, which are coordinates of points of |ptersectlon F)f line ar;‘ curve. For

nature of roots apply discriminant formula after substitution of variable from linear equation to the quadratic

equation in simplified form.

No point of intersection of graph with X-axis
e of turning point by formula

the graph of quadratic equation is above or below the x-axis, find y co ordinat

and the x-axis is tangent to the curve t
.QI

quation has equal real roots or repeated roots

ersect the x-axis and y = ax®+bx+c is cith

0, for real roots show that b-45

< To show
rve lie above

2
point is minimum and the cu

b
Z Ifitis +ive and co-efficient of x* is also +ive,

4a
the x-axis if y coordinate of tur

—ive, then turning point is maximum an

Minimum or maximum value

y=c- then the turning
ning peoint (stationary point) is —ive and the co-efficient of x*(a) is

d the curve lie below the x-axis.

s : : : . b*
& To find minimum or maximum value of quadratic function means find coordinate of turning pointi.e.y = c-r,
a

& Acute angle between two straight lines, when eq. of lines or their gradients (m) are given, if 0 is angle between lines

then
my — My
1+mm,

Tan©=

Quadratic inequality
y . ; A
in one variable on one ssde,a;‘.d z& ro

An inequalitiy with a quadratic expression
guadratic inequalty, if quadratic inequality \1 \Uis e
| | f § i .\‘r i
(x-a) (x-B). Where a.and  are real numbers, then it may be solved by using he cow maer.;:gqgrim\f; ratjc curve.

other side, is called
ofiseable to

— i ™,
_—) 3 R

\ &
1) If (x-ot) {x.—ﬁ):-ﬂ, then x < o, or x > B. The range of values of x lie tside the rontsiof t‘?“{ e %
Always give your answer in set notation when the question req 'resvi-_si‘i‘i'ﬂ“d'*tlaie 5ET & vé%g {m:m<-4 or
3 he set _{m:mg-40

m>4, meR}f (x-a) (x-B) <0, then o<x<p .

The range of value of x will lie inside the roots of the curve. Where o is the

- 5 @ d B is the larger root.
inear inequality is in modulus form, then to find i i
, nd its range first find o o]
equal to zero and find - ind turning t by putting modulus term
v thX, then pt.Jt that value of x is given inequality and find y. also put given orhz Ig OS X U iven
y. then draw it on paper, its graph will be v shape graph and find its } rvalues ofxin®
range

I
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We sometimes call the solutions of a quadratic equation the roots of the equation.
This also tells us where the quadratic graph crosses the x-axis. When we have

an equation of the form ax* + bx + ¢ = 0, we can tell the nature of the roots by
looking at the discriminant of the quadratic equation.

The discriminant is the value of b* - 4acin x = —btvb —dac “;‘:_4‘“

If B-4dac>d there are two distinct real roots.

If b»-4ac=0 there are equal roots (one repeated root).
If b -4ac<0 there are no real roots.
b*-4ac>0 <0.2/ \M/{O
‘i no rools
one mnt
two roots
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Practice Questions

Exercise #1

1. Use the discriminant to determine the nature of the roots of the following quadratic

equations. When the roots are real, find these roots: :

@ x¥-2-5=0 (b) 4P +4x+1=0 () =843

(d) o(1-3x)=2 () 2x-Dx+1)=2 (N 2x(x-=3)=3-4x
2. The equation x* + k = 6x has two distinct real roots. Find the range of values of k.
3. If the equation 2x(p - x) = 3 has real and equal roots, find the exact values of p.

Find the value(s) or range of values of p for which the equation

(@) px’ - 6x+ p =0 has equal real roots,

(b) 2x* - 4x + 3 = p has real roots,

(¢) 3x" = 2x + p — 1 has distinct real roots,
(d) p(x + 1)(x - 3) =x - 4p — 2 has no real roots.

5. Find the range of values of m such that the roots of the equati
are not real.

6 What is the least value k can take if the roots of the equation X -
are real?

7. Find the range of values of & for which the
2+ (2k + 1)x + & = 3 = 0 are not real. State the range O

Lheequalionx’—ka+k2—2k=6has real

onme +2=x(x+3)

2h+kz=3+x

roots\ of the equation
f values of k for which the

Find the range of values of k for which
8 roots. Find the roots in terms of k.

\ 3
g = Show that the roots of the equation 2¢ + p-= 2(x — 1) are not real if p > -3

10. Given that the equation i +3px+p+q=0 where p # 0, has two equal real

roots, find ¢ in terms of p.

Answers e %
1. (a) real and distinct. | = J6  (b)real and equal, -5. =73 (c) real and distincL@
(d) not real (¢) real and distinct, 1, -1.5 (F) real and djs@% (1% .ﬁ)
2.k<9 3, +/6 @ )
. //.-/_ ¥ e : ) ]
4. (a) £3 (b) = | @p>3 & S
17 / 13 B B
5.m> ¢ G.-4 &L{—J,ia—*‘
7 : o
8 k=-3,kt J2k+6 10. = 3P y
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Exercise #2 o
1 set of each of the following quadrs:l;c}mequa iti
1, Find xt:ht; sglunon o ;2(;:- p ?,i <
§:))x’+5x—el;:o gy 4x{x+l)533£ .
f > 4x + 3L
(€) 2 17-2 3}’ 3 I 2;‘ < x4-x) +40

Eig)) (x - I)(Sx +4)> 2 - 1) 3
Find the set of values of x for which 2x* = 4x =
;: Sketch the curve ¥ =x-4x-6, indicating the exact values
" -4)>6.
lve the inequality x(x
50 o real value of x for which m? + 8x +m=6. Find m.
4. Thereisn = p(x + 3) has two distinct real roots. Find the range of

is greater than x.
of the x-intercepts. Hence

5. The equation 2 +4x+2=
ales o' P 1 and distinct roots, find the
i _12x+ 2(p-1)=0 has rea . 1
6. If the equation (p + 2)¥
set of values of p.
7. Find the set of values of m for the equation 2 + 4x + 2+ m(x + 2) = 0 to have real
8. TI:IZ roots of the equation 3l 4 (k=5 = 5,2 + 2 are not real. Find the set of values
f k. ’ |
Q ffthe equation pl-p+10=2(p+ 2)x has real solution(s). show that p cannot lie
between | and 2.
10. Given that the line y = ¢ - 3x does not intersect the curve xy = 3. find the rang? COJf
values of c.
Answers

1. (@) {r:x<-3orx>3,x€R} (b) (x:-1<x<3,x€R}

: 1
(¢ [x:6<x< 1, xER]} (d){x:x“é Eorx;B,A'EIR}

3 |
(e) [x:x<-2o0rx>6,x€R]} () {x —3 EXE X ER}
@{x:x=-dorxr24,x€R]} (h){x:-4<x=0,rsR}
(i){x:x-(-%orx)l,.reﬂ} () (x: =18 <x< 4fi8,1 € B}

1 i
2, {x:.r<—§orx>3.xeﬂ} 3.x<2-.10 orx>2+ 1 4m<-2orm>38
S.p<=l6orp>0 6.{p:-5<p<4peR} T.im:m<Oorm=8 mcR]|

. i “ , N\ s
8.(k:-15<k<1,ke€R) 10.-6<c<6 \/ ©—/
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Past Paper Questions

1 Find the value of the constant ¢ for which the line y = 2x +¢ is a tangent to the curve Y =4x. [4)

2 Find the set of values of k for which the line y = kx -4 intersects the curve y = #* - 2x at two distinct
points. (4]

3
The equation x* + px + g = 0, where p and g are constants, has roots —3 and 5.

(1) Find the values of p and q. 2]

(1) Using these values of p and g, find the value of the constant r for which the equation
2 + px + g + r = 0 has equal roots. [3]

12 .
4  The straight line y = mx + 14 is a tangent to the curvey = — + 2 at the point P. Find the value of the

g  constantm and the coordinates of P. [5]

Determine the set of values of the constant k for which the line y = 4x + k does not intersect the curve

y=2. 3]
g eurve has equation y = kx* + 1 and a line has equation y = kx, where k is a non-zero constant.

(i) Find the set of values of k for which the curve and the line have no common points. 3]

(ii) State the value of k for which the line is a tangent 10 the curve and, for this case, find the
coordinates of the point where the line touches the curve. [4]

7 The equation of a curve is % +2x = 13 and the equation of a line is 2y + x = k, where k is a constant.

(i) Inthecase where k = 8, find the coordinates of the points of intersection of the line and the curve.

[4]

(ii) Find the value of k for which the line is a tangent to the curve. [3]
B The line y = % + k, where k is a constant, is a tangent to the curve 4y = x” at the point P. Find
(i) the value of k, /F’@ [3]
. © L
9 (ii) the coordinates of P. @ [3]
Acurvchasequationy:lxl-—ﬂx+5. ,\@
2
(1) Find the set of values of x for which y > 13. D@ 3]
O\
() Find the value of the constant k for which the line y = 2x + k(j%ﬁngent to the curve. [3]
10
Find the values of k for which the line y=kv-2 meetsth e yr=4x-xt. [4]
11 E
The line y=3x+k isatangent to the curve .r+.ry+@.
(i) Find the possible values of k. \@' (3]
(i) For each of these values of k, find the cm@%s of the point of contact of the tangent with the
curve. (2]
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Answers

1 c_..% |

2 k<6, k>2

3 () p=-d g=-t8 () =16

4 m-=-3 P28
k<-4

5
6 (i) 0<k<d (i) k=4 (g :J
7 (i) 3) (6. 1) (i) k-=85
8 (i) k=-1 (i) (=21

9 (i) x<-1 x>4 (i) k==3

10 k20
11 () k=416 (i) (-2, 10) and (2.~ 10)
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FUNCTIONS

Understand the terms ﬂlmction, domain, range, one, one function, inverse function and composition of functions;
|dentify +he range of a given function in simple cases, and find the composition of two given functions;
hether or not a given function Is one-one, and find the Inverse of a one -one function in simple cases;

peterminé W
phical terms the relation between a one-one function and its inverse.

.
eingré
» llustrate In B

pUNCT! N
A relation between two sets is called function if all elements of first set are connected uniquely. The element of

frst set s called domain and its corresponding element in 2" set is called range or image.

Graphically if any vertical line intersect the graph of function exactly at one point, then it is called graph of a

function.

grlg_;g&———mii’ﬂ

If each element of 2™ set is the image of only one element of first set, then the function is called a one — one

function. Graphically, if any horizontal line intersect the graph of function exactly at one point, then it is called graph of

one-one function.

Composite function

A relation between more than two sets (satisfying the all conditions of function
solve composite function, start solution by inner most part to substitute its value in the given relation.

) is called composite function. To

Inverse function

By inter changing domain and range of given function, the resulting function is inverse function. Graghically one-

tions and inverse function are the reflection of each other in y = x. if any horizontal line inters graph of

one func
ons. A guadratic function is :@:Done function

function exactly at one point, then the function is called one-one functi

till its turning point. @W’

Graph of inverse function @é

. . . . O
To draw the graph of inverse function, find x and v ¢o ordinates of given fupﬁ?@and its turning pint, its x —
intercept and y — intercept if possible. Then inter-change alil these x, y cnordinategcé draw it, which is the required

,@@@

To find expression of inverse function put given function e u@y and make x as a subject, then replace y by x
inanswer, the answer is expression of inverse function. &

graph of inverse function.

Expression of inverse function
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f glven simple function and interc
e function, find domaln and range 0 an
To find domain and range of Invers o ; range of glven simple function. And range of inverse funcﬂ::h
L

for Inverse function e, domain of Inverse func

domain of given function.
s of function at given values of "

To find range of function find three values of glven function. First find value
: 3 -

intle. Y= C-B{L' In range, with co ordinate of turning point always put < or » s

a

nequality will be same as the sig
If no value of x i given.

their y — coordinate of turning po
n of corresponding value

alue and other sign of |

according to minimum or maximum v
n < range < largest value of function.

x. then write smallest value of functio
then put given value of xj

ction is x>any value,
in of inverse function,

when domain of given fun

To find domain of inverse function,
ge and then replace that range as a doma

given function and put o as other value of x and find ran

first reduce the given function in such a way that the

To change one function into other form of function,
r function in its simple function form.

domain of required function can be replaced by the domain of othe
Exp: If f (x) = x2-4x+7, g (x) = x-2 for x >2
The function h is such that f = hg for h: x>0
Obtain an expression for h(x)
Sol: f (x) = (x-2)*+3, f=hg
h (8(x)) = (x-2)*+3
h(g(x)=(g(x))*+3

h(x)=x*+3
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Example
Express 3—4x —2x? in completed square form.

Start by taking out the factor ~2 from the terms which involve x.:
3-4x-247 =3-2(x* +24).
Dealing with the térm inside the bracket, 2 +2x=(x+1)%-1,

5o 3-4x—2x*=3-2(x*+ 2x) =-';!v—2{(-=lf+1)2 -1}
_3-2x+1)? +2=5-2Ax+D%

Example ”
Express x ~8x+12 in completed square form. Use your result to find the £2nge O
function £(x) = #° ~8x+ 12, which is defined for all real values of .

2 -8x+12=(x-4) -4,
_As (x—4)2;=0 for all values of x, :
2 gre12=(x-4) -4z -4 0 ()= -4

Writing f(x) as y, the rangeis y=-4.

©
@5&?
R
@9}
%
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s a one—one ﬁmction,ﬂiegraphs of y=1(x) and y = f-l(x)
areraﬂecﬁowofead'lotherinmelhw y=x.

Example
Express 3 4x —2x? in completed square form.

Start by taking out the factor ~2 from the terms which involve x:

3-4x-2x2=3-2(x" +2.t)
Dealing with the térm inside the bracket, x* +2x = (x + )2 =1,
s 3-dr-2x?=3-2(x?+2x)=3-2{(x+17 -1}
=3_—2(x+1)’+2=5--2(x+1)=.

Example
Express x? —8x+12 in completed square form. Use your result to find the range of the
function f(x)= x* ~8x+12, which is defined for all real values of x.

2t -8x+12=(x-4) -4,
" As (x—4)20 for all values of x, -
22834 12=(x-4)2 4= -4, 50 f(x)= -4,

Writing f(x) as y, the range is y=-4.

Enmp!e |
For the function in Example 11.7.2, draw the

graphg of y =f(x) and y=f7(x). Y4 y=l+El
‘y=x
2 7
Example 11.7.2 showed that p
fl(x)=1+vx+1,xeR, x=-1. (/ // y=x° -2

Fig. 11.10 shows the graphs of
y=f(x)=x*—2x for x=1 and
y=f3(x)=1+Vx+1 for x>-1.You
can see that these graphs are reflections of
each other in the line y=x.
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You can transform the graph of a function by moving it horizontally or vertically.
This transformation is called a translation.

f(x + a) is a horizontal translation of —a.
f(x) + a is a vertical translation of a.

()
¥
o| X

Transformations: translations

fig+3 Note: We can write y = f{), y = fx + 3)
and y = f{x) + 3 for these graphs.

Example 10
1
f(x) = 22 glx) = -
Sketch the graphs of the following functions, marking on each sketch where the curve cuts the axes
and state the equations of any asymptotes:
a) f{x-2) b) g(x) -2
a) The graph of f(x) = x* is
YA
) < First sketch the graph of fix), marking
/‘ where it crosses the axes.
e
76'_7
/
f
|
So the graph of f(x — 2) is
4 Translate the graph 2 units to the
// - right, so it cuts the x-axis at 2, i.e.
& a franslation by the vector[ E ]
0y 2 X
b) The graph of g(x) = 1
a
A Sketch the graph of g(x), showing
\ - the asymptotes with dotied lines.
\
\\
“"-a..,_‘____
- ey i ‘i‘ -
\\\
\I
So the graph of g(x) — 2 is
i Translate the graph and the
Ya o .
“. asymptotes 2 units down, i.e.a
\ translation by the vector
0 e— :i .
...... Ddencncnnna
=T
\\ Write these equations on or below
i h.
- youtube.com/c/MegalLectdFér”
The equations of the asymptotgsgry ¥39 81d7)8=0-1
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You can transform the graph of a function by reflecting the graph in one of the axes.

—f(x) is a reflection in the x-axis.
f(-x) is a reflection in the y-axis.

(x) —f(x) )
~
0 ] ’ 0

Transformations: reflections

Example 11

f(x) = x(x + 1)(x - 2)

Sketch the graphs of the following functions
a) 1+f(—x) b) —f{x+3).

Sketch the graph of f(x), marking
where it cuts the axes.

First reflect the graph in the
y-axis.
\ LN Then translate the graph 1
AR <t unit up and show where it
BRVL N cuts the y-axis.

Sketch the graph of f{x), marking
- where it crosses the x-axis.

The graph of f{x + 3) is
Y
| First translate the graph 3 units to the left, i.e.

’ translation by the \rector( _3}

o

/“:. ‘
fd —3\ + 0
\ f

The graph of —f{x + 3) is
Y

£\
\ i \ <«———— Then reflect the graph In the x-axis.
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Exercise #1
=5, ﬁ;d the values of

2. - *
Given f:me'an xe(l::-.';(d—:). .
(a) f("l)l of
Given g:xl-ri+5.whem xsﬂan;lxato.fmdthcvalues '(c) 0,
T e O
a ¥ 2 : -ngfu
Findthenammldomninandcmrcswndingmngc?fmh.of dw(:?lk:v;H m‘x—s

fix > co8x’ '
() fix P x2 ®) f:x : . e
. f:xHJjH S o 0 £ (1-V7- Y
244x+1

- () fixex + |
e - f the followng.
Given that f: x> 2x+1 and g:.xHSx-—S,where xeR.findthevall:;)o Rl
; gf(1) ®) gf(-2) © f20 o
(a; f£(5) ) ff(-5) @ g4
(e i

b.
i i.cvalucsofaand

i tl'mt1"1:t--:»ax+bandt:hm;1’f:.1r|—-:v£|‘bc--23.i"lrldthﬁlw-%lb b
o | Find the possible values of a and D-

For £: x > ax+b, f(2)=19 aad f( fg = gf for all real values

' h that
The functions f: x> 4x+1and g:xl-—)ax-i-barcsuc

of x.Show that a=3b+1.

jon f: - R, find the values of . |
Given the function fix I-:JE]) 6,x€ (c) f_l (_3) ; (d) ﬂ--l (5) ’ (e) f f(—%

i ions.
find the inverse of each of the following functi ) ®
| (0 f:xHx—t—.xeR @7
(a) f:x|->6x+5.xeR ] 25+7
X
f.xr4-2xxeR (@) f:xP—3 ,x@é
X -2k,
. ® i':xr-*l@i andx# 0
(e) f:xH2x3+5,xeR !

5

> -2 yeRandx#l
. f-“_%x—l-’xe 3 §)) @Hx —Gx,xeRandJ:?,B
(i) f:xH(lx-B):—S,xeRnndx?E Q
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. . . Note: af(x) means multiply all the
(or compressing) the graph horizontally or vertically. y-values by a while the x-values stay

af{x) is a stretch with factor 4 in the y-direction. the same,
N . 1. T . flax) means divide all the x-values by a
f(ax) is a stretch with factor; in the x-direction. while the y-values stay the same.
1(x) 31tx) H(2x)
YA A YA
{ ;\i ;%
X
- Q X
-1
Transformations: sireiches
Example 12 7
The diagram shows a sketch of the curve f(x), which passes through 7#}
the origin, O, and the points A(~1, —2) and B(3, —18). A-1,-2) \
Sketch the graphs of \\-.
a) —2f(x) b) f(-3x) \ |
In each case, mark the new position of the points O, A and B, writing \ {
down their coordinates. ),“‘
8(3, _.13}
a) The graph of 2f(x) is
A ’
—_——l]
r
A-1,-8) \ }
\ . Apply a stretch with factor 2
\ ' in the y-direction, i.e. keep
\ / < the x-values the same,
\ / double the y-values.
B(E,{as)
The graph of —2f(x) is
1/
a(3, 36)
/.
/ \\
/ \ : Then refiect the graph in
/ \ the v-axis.
// \
el
A-1, 4}'; || '
|
b) The graph of {(3x) is
/ |
L | Apply a stretch with factor
AL, -2) ; 1 . ,
3 5 in the x-direction, i.e.

\
\\ / <& divide the x-values by

3, keep the y-values the
\/ same
seygoutube.com/c/Megalecture/
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The graph of f(—3x) is

'll xil.
| ¢
f'b ¢
[ [(ag-2
| / - Then reflect the graph in
\ .-H the y-axis
'. ;"
\/
L 4
B(-1,-18)
Exercise 2.6
1. a) Sketch the graph of y = f(x) where f(x) = 16 — x*.
b) On separate diagrams, sketch the graphs of
) y=1f(2x) i) y=afr) i) y =)
Mark on each sketch the coordinates of the points where
the curve cuts the axes. Ya
2. The diagram shows a sketch of the curve f(x), which passes
through the origin, O, and the points A(-2, 8) and B(1, —1). A-2,8)
On separate diagrams, sketch the graphs of
1 >
a) y=4fx) b) y= f(—_}x) c) y=-2f(x+1) d) y=1+1f(-2x). 0 » 1:
Mark the new position of the points O, A and B on each '
transformation, stating their coordinates. :
3. The diagram shows a sketch of the curve f(x). :
The curve has a horizontal asymptote with equation <
y = 1 and a vertical asymptote with equation x = 0.
On separate diagrams, sketch the graphs of
a) y=1(2x) b) y=-3f(x) c) y=2f(x-3) = ZzoTmmmeempotemomoees y=1
4] 3
d) y=4—f{-‘_1§x) ) y=3+ 4f(x) ) y=4f(—%x). "
Mark on each sketch the equations of the asymptotes and, if
possible, any points where the curve cuts the axes.

4, The graph of y = f(x) is transformed to the graph of y = —f(2x).
Describe fully the two single transformations that have been
combined to give the resulting transformation.

5. The graph of y = f(x) is transformed to the graph of y = 4 + 3f(x — 2).

Describe fully the three single transformations that have been combined to give the resulting

transformation.
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Answers:

&1 M4 (@
p @ 1 (b) 4 (c) 63
3 (@ R/f(x)=0 ®) R~-1=f(x)sl
© x=23f(x)20 () Rf(x)=5
(& x>0,f(x)>0 ® R,f(x)<4
@ 0=<x<4,0<f(x)=2
) R,f(x)=6 (1) xb3,f(;lvc)§30 .
4. @ ¢4 (b)) -4 (c) -9 (4 33
© 2. ® -17 ( 16 . (b 0.
5 a=3b=-Tora=-3,b=14
6 a=4b=llora=43,b=10
8§ (@ 10 () 7 ) 3
(d 5 () -4
9 (@ y—gly=5) ® yrsy-4
© yp1(4-)) @ yr306y-7)

Ty b
(e) }'H{Ii(y 5] (f) )’Hv_4.}’*4.
® y|->§+l,y;t0 |

y
@) yPy=7-2,y=7
@ yi3+3+5)y=-3

G) ym3+y+9.y=-9

i (8) f(x)>-1 '
’ (b) x:->2+ x+1, x> =11 (x)>2 @@%
=, - f(x)>3 - ¥
E:; x(ia-Z-f-(x—.'S]Z.‘,x:-S;f'l(.x)>2_ @
o k=-1 ‘ %
2 @ f(x)=5 } %@
® xe-l-vx-5x=5f (x)=-1 A&
5
&
K%
o
@@
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Functions

i dbyf-,n—»ax+b.forxeﬂ.whcmamdbmconstmm. Ilisgivmu\
f is defin *
mﬁmcﬁnn

—1andf(5) ="
“ and b. .
) Find the values ofa
) Solve the equation ff(x) = 0. K
-::; gunctions fand g are defined as follows:

f:xn—oxz—.’.x, xeR,
g:x— 2x+3, xeR.

[
@) Find the set of values of x for which f(x) > 15. 3]
i 4
@) Find the range of f and state, with a reason, whether f has an 1nverse. [4]
3]

(iif) Show that the equation gf(x) = 0 has no real solutions.

=g ing clear the relationshig
(iv) Sketch, ina single diagram, the graphs of y = g(x) and y = g (x), making ¢ z

between the graphs.
Functions f and g are defined by
f:x—k-x forxe R, where k is a constant,
9 2
# 2.
gixe =15 forxeR, x
the equation
) Find the values of k for which the equation f(x) = g(x) has two equal roots and solve the eq o
i) Fin
( f(x) = g(x) in these cases. N
@ii) Solve the equation fg(x) =5 when k=0.
(2]
(iii) Express g~ (x) in terms of x. |
The function f is defined by f: x 22 — 12x + 13 for 0 < x < A, where A is a constant.
3]
(i) Express f(x) in the form a(x + b)? + c, where a, b and c are constants.
i [1]
(ii) State the value of A for which the graph of y = f(x) has a line of symmelry.
[2]
(iii) When A has this value, find the range of f.
The function g is defined by g : X 2" — 12x + 13 forx 2 4.
[1]
(iv) Explain why g has an inverse.
131

(v) Obtain an expression, in terms of x, for g" (x).
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5 mﬁnmtion!fmﬂgmdennedfouenby

£oxedx=20,
gixe 5x43
[2]
ff.
(1) Find the range ©
; = al roots. 3]
(i) Find the value of the constant k for which the equation gf (x) = k has equ
x+3 1
'[hcﬁmCﬁonfiSdeﬁnedhyf:xHzx_l,xeﬂ,xiz .
(i) Show that ff(x) = x. [2]
. =
(if) Hence, or otherwise, obtain an expression for £4x):
Functions f and g are defined by
f:x—2x+5 forxeR,
gixm }% for x €R, x# 3.

. -1
5 i of x for which g7 (%)
(i) Obtain expressions, in terms of x. for £ (x) and g (x), stating the value -
is not defined. | '
i i lear the relationship
i) Sketch the graphs of y = f(x)and y =1 -!(x) on the same diagram, making ¢ 3]
e = 3
@ between the two graphs.

i ) L] L [

A function f is defined by f (x) ¢ ,forx = 1.

& " @@ .

(1) Find an expression for f'(x).

L) g n ther.

(11
i e (51
@) Find an expression for £~ (x), and state the dojmain and range of f @@
1 /“
Functions f and g are defined by @

frxio 10-3x, rehR, ; @
g:xr 10  xeR &
' 3-Xx
Q\ (3]
ation ff(x) = gf(2)-
Solve the equ ( @N@
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: defined by
10 Functions f and g ar e R
g:xsz+4x. xeR.
[2]
(i) Solve the equation fi(x)=1 1. ;
(i) Find the range of g. |
I @if) Find the set of values of x for which g(x) > 12. i .
i — s two €q .
(iv) Find the value of the constant p for which the equation gf(x)=pP ha
A\ 1 |
it is gi inverse.
Function h is defined by h : X+ 2 + 4x for x > k, and it is given that h has an [
1]
(v) State the smallest possible value of k. .

(vi) Find an expression for h~!(x).
The function f is defined by f : x +> 22 —6x+5 forx €R.
[3]

11
@ Find the set of values of p for which the equation f(x) = p has no real roots.
The function g is defined by g : x > 2x” — 6x+ 5 for 0 <x<4.
@) Express g(x) in the form a(x + b)? + ¢, where a, b and c are constants. [3]
@it1) Find the range of g. [2]
The function h is defined by h : x — 22 — 6x+ § for k € x < 4, where k is a constant.
(v) State the smallest value of k for which h has an inverse. [1]
(v) For this value of k, find an expression for h™! (x). [3]
;; (@ Express 222 + 8x — 10 in the form a(x + b)” + c. 3]

— 10, state the least value of y and the corresponding value of x.  [2]

(3]

(if) For the curve y = 2" + 8x
@iif) Find the set of values of x for which y = 14.

Given that f - x — 2x* + 8x — 10 for the domain x = k,
[1]

[3]

(iv) find the least value of k for which f is one-one,

(v) express f~'(x) in terms of x in this case.

|
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y3  Functions f and g are defined by

f:tzx_sa xeR,

4
g:x""z—'_x. xeR, x#2.

(i) Find the value of x for which fg(x) = 7. | 31
(i) Express each of f™'(x) and g™' (x) in terms of x. 3]
(iif) Show that the equation ' (x) = g~'(x) has no real roots. (3]
(iv) Sketch, on a single diagram, the graphs of y = f(x) and y = £~' (x), making clear the re'la:ionsl??ﬁ
between these two graphs.
14  The function f is defined by f : x +—» 2x* ~8x + 11 forx € R.
(i) Express f(x) in the form a(x + b)? + ¢, where a, b and ¢ are constants. 3
(ii) State the range of f. (1
(iif) Explain why f does not have an inverse. 1]
The function g is defined by g : x - 2x” — 8x + 11 for x <A, where A is a constant.
{1l

(iv) State the largest value of A for which g has an inverse.
-1

terms of x, for g~ (x) and state the range of g[41

(v) When A has this value, obtain an expression, in
15

The function f is defined by
f(x) =x* —4x+7 for x>2. @@

he range of f. @ )

@)@y 3]

for £~1 (x) and state the domain ofFt, @Q 5
%@
g(x) = x -2 for x>2. @
¥

The function h is such that f = hg and the domain of his x> 0@

(i) Express f(x) in the form (x = a)® + b and hence state t

(i) Obtain an expression

The function g is defined by

(iii) Obtain an expression for h(x). @
The functions f and g are defined for x € R by Q{\

- f:st
g:be 4 '

-1 > d
where a and b are constants. Given that ff(2) = 10 and g (2) =3, fin

[4]
(i) the values of a and b, 2

(ii) an expression for fg(x).
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- eR.
17 The function f is defined by fixs 22— Ixforx

d the set of values of x for which f(x
b, stating the values of a and b. o

1)
[1]

) >4. iy
(@) Fin

(ii) Express f(x) in the form (x-a)’-

(i) Write down the range of f.
th a reason, whether f has an inverse.

(iv) State, wi
The function g is defined by & : x x-3yxforxz0.
B3]
(v) Solve the equation g(x) = 10.
+3
18 A function f is such that f(x)=\/(£-2—) +1, forx > -3. Find
3
(i) £~'(x) in the form ax’ + bx + ¢, where a, b and c are constants, (3]
[1]
(ii) the domain of £~
19 Functions f and g are defined by
f:x—3x+2, xeR,
gix—d4x-12, xeR.
Solve the equation f~!(x) = gf(x). [4]
20 The functions f and g are defined by
f(x) = ; -2 forx>0,
g(x) = Sxi 3 forx 2 0.
(i) Find and simplify an expression for fg(x) and state the range of fg. [3]
(i) Find an expression for g~ (x) and find the domain of gl [5]

e
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Answers

, Mme=2b7 -3; () 2.25.

ngeo!yls f(ix) 2 -1
HOWMMH 1
[or gix)=0 — f(x)=—372.

Elther inverse as mirror image In y=x
ory = §"'(x) = % (x-3) drawn
AAY

k=-8, rootis -§.
‘ ﬁg)uﬁ-rm!1-o:t7]
9-2x
. —-z or —=
9'® p
4 w zx=-|2x+13-2(x—3;=—5
ey Symmetrical about x =3. 4 =6.
One limit is —5
o Oﬂfer‘limit is 13
(iv) Inverse since 1:1 (4> 3).
(v) Makes x the subject of the equation
Order of operations correct
5 e - (i) = k=13
() Tumingpointatx = L.
Rangeis < 2.
x+3
s )= —
R =
64
7 (i) =253 g'e=3e3 seR 120 i) 0<*<3
g8 (i) (i) f(x) is an increasing function. (iii) ') =

(- 3J
domain of £~'(x)is; -2.58x<0 range of () is: f~ (-t)zl

9 x=2 10 () x=5 (i)gx)2-4 (iii) <=6 x>2

-2 (vi) h'(x)=yx+4 -2

(iv) p==4 (v) &
53(:)5!3

1 () p<¥ (i) 2(x-2) =2 (i)
3+42x-1
2

12 (i) 20x+2)? =18 (ii) x==2 (iii) x<-6, x22(v) k=

3

(iv) k= 3

(V} h_l(;‘] =

2@

13 (i) x-— (i) f"(.t)---—- (iil) e=31<0

(v) '(x) is 1 reflection of the graph of {(x) in the line y=x.

14 (1)+20e-2)" +3 (i) £(x)23 (il f is not & one-one function.

(iv) 2 (v) 8 'm-:-J—- (vi) 87 (052

9
17 (i) x<-1 =d x>4 (i) a-—- b--— (iii) rE=7

(iv) f isnota 1-1 function. (iv) x=25

15 (i) fx23 (i) () =2+x-3 x23 (iii)h(x)=(x7 +3

16 (i) a=-2 b=8 (i) 22-6%

18 (i) 2" -4x-1 (i) fxzl xz1

K=

19

g (x)=(4-2x]f5x
0<x<2

20 (i) fg(x) = 5x (ii)

Range of fgis y 20

%\/@@@

ol
DQ’
&Y

%f@”

) =—2+ ’%E
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Binomial Expansion

n Factorial
o - 3x2x1
n factorial m=n(n-1)(n-2)(n-3) ... stop at 1

O! is defined to be equal to |

This function is availablc iy most scicntific calculators.

. "Cror(:)
nCrDI‘(:) =-I:l-(-sl:;Si

=l _ nl _nl
0 0‘“1‘!—05! 61?1!-;; =1
2™ torm, r=
( m, r: 1) ﬂclz(;‘] =%=n
(3"‘ term, r=2 re _[n] n(n -1) -~
) |"%=(3) -2p0.nnon
aMterm, r=3 ne ._.(n) _nn-1)n-2) i
( ¢ ) 3 8 —W—ur’gﬁ%ﬂ)_
n+® term, r=n) | no =("-] el !
. ( ) " ln nlin-—ui!zﬁmzﬂi=1

T
An Important concept in binomial theoreme
there is a total of (n+1) terms for any expansion (as0)"
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If n =0, rcan only be 0, (the expansion has only 1 term)
Ifn=1, rcanonly be 0 or 1. (the expansion has 2 terms)
Ifn=2, rcanonly be0, 1 or 2 (a total of 3 terms)

If n=23, rcanonly be 0, 1,2 or 3 (a total of 4 terms)

Ifn=k, rcanonly be,1,2,3 ... k. (atotal of k + | terms)

BINOMIAL EXPANSION
e The formula for the expansion of binomials raised to exponential powers:
Binomial (a +b)" ]
Theorem = an aﬂbo + nCr alI'I-'| b|.+ ICr 8I']-lez +."+_7‘:_:.'£'f_01b_- = e ﬂcra'ubﬂ-
) term
(a +b)"
x _ (M o0
O L LR ) s el O ki 1 i
T 1term 2nd term 3rdgerm 9:"‘"_"‘""‘ =pn
(r+1th cerm)

owers of b are in ascending Prder.
| to the power of the binomial.

s. At this level, we are

e The powers of a are in descending order while the p
The sum or the powers of @ and b in any term Is equa
In the above formula, we make (a + b) as representative of all binomial
only concerned withn as a positive integer.

When the power is n, there are altogether n-+ 1 terms.

i i spember it to
The general term represents all the terms in the expansion (you only need to Q;xgem

apply binomial theorem. ‘ - @ .
[Q] Given that the expansion of {Z -+ x}* (1 — ax)” in ascending powers O -

bx?. Calculate the value of a and of b @

SOLUTION @
3

1—ax)’ = 147C, (—ax) +7 C(—ax)* wu oo &

=1 — 7ax + 21a%x?
2
(2 +x)%(1 —ax)” = (4+4x +x7)(1 7ax+;'21¢z x’@ )
— 4 + 4x — 28Bax + x* — 28ax +z
=4+ (4—28a)x+(1—28 ¢ 4a?)x? + -~

Since (2 + x)2(1 —ax)’is 4 — 80x + bx? QN
= (4 — 28a) = —80 @
—28a = —84

ra=3 (Ans)

b = (1 — 28a + 84a?)
=1-—28(3) + 84 (3)?
=673 (Ans)
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estimate

SOLUTION

8C.(=x) +
(1 —-x)' =1+ 8(-x)+063(—x)’+ 64( x) ‘|;
= 1—8x + 28x% + 56 (-x)? + 70(x*)*.....
=1 — 8x + 28x% + 56x° + 70x* + -
) =(1+20)(1—-8x+ 28x? — 56x2 4 70x* + )

(1+2x)(1-%
— 56x3 + 70x* + 2x — 16x2 + 56x% — 11x* + -

=1 - Bx + 28x?
=1—6x + 12x% — 42x* + .
Letx =0.,
=  14x0.8%~1-6(0.2) —42(0.2)*
~ 0.2128 (Ans)
GENERAL TERM FORMULAE

Finding a specific term in the expansion

e If we want to find any specific term in the expansion, apply general term formulae.
The general term represents any term in the binomial expansion

General The general term, or (r + 1) term, in (a + b)™ is
Term T.., = a®>7’h"
Formulae Zo

e The general term is (r + 1)** term since r = 0 gives the first term (denoted by Ty), r =
1 gives the second term (T2) r= 2 gives the third term (Ts) and so on.
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10
[Q]  Evaluate the term which is independent of x is the expansion of (x* — 723

SOLUTION

1 r
Tran =1 G (~53)
=  x0-5r = x0
1\"/1 _ipean
=10 Cx30-3r (= = 30-5r=0
o ( z) (z_z;) ¢ i
1 r
=10 ¢ (_ ,2_) (x30-57)
6
% Tes1 gives Tth term =19 ¢, (_i)
= 18
= a2
a2 i ’

The term independent of x is the 7™ term and the value is 3i (Ans)

Use the general term formulae to regroup X, Then solve for r by equating the index

of x to the required index. r+1 gives the panicular larm
To understand this, if we apply binomial theorem to f' nd the 7“‘ term, you should see that this

is the particular term that has x being cancelled out:
N ° 1 1
TT 10 c (13)4( ) =10 ngu (___ Sex 2 =16 CE (—.F

Write down the fourth term in the binomial expansion of the funcuo@%

Q1 (@ 3
x 4+ =) in its simplest form.
KL o
o

(b) - Find the value of n if the fourth tem is independent of x,_ N9

(c)  Write this value of n, calculate the values of p and q, gi t the fourth term

is equalto 160 and p—q=1,p,qeZ*. N

ﬂ:::
&

@ (px+9) %\@;
T, =" C3(px)"(qx7*)°
=n g, - pn3 g3 @Q®
=n C:-l i pn-z Z q3 2 xu-—s (ATI.S)
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b) i e g
n-6=0
n =6 (Ans)

¢ T=GC-:p’q
= zoplqi

d) 20p3q® = 160
(pq)* =8

.7 B JPRI (: |}
p—q=1
P =14 Qo srs o e o e (2)

Sub (2) into (1):

(1+q)g=2)
q+q*=2
q+q*=2

g*+q-2=0

(g—-1D(@+2)=0
q=1lor-2(rej) (Ans)

Subg=1 into (2)
p=1+1
= 2 (Ans)
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Example
Use the Binomial Theorem to expand (I + b)'. Hence deduce the
expansion of
@ (1-b)’, M) (1 +2v)°,

(+8)’=1 +’C,b+5c._,bi+scjb3+sc‘b4+scsbs
=1+ 5b + 106 + 106" + 5b* + p°

@ (1-50°=[1+(-b)
=1+ 5(-b) + 10(=b)* + 10(-b)’ + 5(-b)* + (-b)°
=1-5b + 100* - 106° + 5b* - b°

(b) Letd =2

(1+20° =1 + 5(20) + 10(2%)? + 102x)° + 529" + ()’
=1+ 10x + 40x* + 80x" + 80x* + 32x°

Find, in ascending powers of x, the first 4 terms in the binomial
expansion of (8) (1 +4x)% (b) (1-3x)".

(@) (1 +4x)°=1+5C)(4x) + °Ca(dx)* + *C5(4%)’ + ...

= 1 + 6(dx) + 15(162%) + 20(64%°) + ...
=1 + 24x + 240x% + 1280x° + ...

) (1-3%0"=[1+ BT
=14 'Ci(=3x) + 1Co(=3x)* + "Cx(=32)" + ..
=1+ 7(=3%) + 21(9x%) + 35(=27) + ...

Example
=1-21x + 189x% - 945x" + ...

12
Find the terms in x* and x* in the expansion of (1 - E‘) . Hence

2
find the cocfficient of X° in the expansion of (3 + ?.r‘)[l - %) .

for (1-3)" <[+ (3] wewminsrael3) - &

For 2, Ts= "G £ 7 66[2) = 2 &

i . 165
~. coefficient of x° is - ==
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Example Find, in descending powers of x, the first 4 terms in the binomial
expansion of
6
1
® @-3 o (x+5)
() (2x-3)
=[2x + (3)P°

= (2x)° + 5C)(20)Y(=3) + 3Cx(2x)(-3)? +°C3(2x)*(-3) + ...
= 320 + 5(16x")(-3) + 10(8x")9 + 10(4x?)(-27) + ...
= 32x° — 240x* + 720x° - 1080x? + ...

(b) (x + %’)a =x+ EC,H(:—,] + “C;x‘[x—'z);t + ‘C‘;.r‘(x—lzr +...
=x*+6x°+15+ %’ +

Example "
Given that (p - %xJ =r—-96x + sx’ + ..., find p, r and s.

RS RAE

=p°®+ "C,p-‘(—%x) + °Cypt (—%x]_ + ...

&

=pS-3p°x+ -%s-p“r"+
p*-3p°x + L:—p"fz r—96x + sx°

Comparing coefficients:

x: =3p°=-96 = p’=32
= p =2

Xr=p*=64

xXis= %p‘:ﬁﬂ

Exasiie In each of the following expansions, find the indicated term. >

2l 12
x 3
(b) F [2x s e & 12 Vs
o ) Tar = PC29 )

2 “ 3 r
@ For 2+ £) 7., g )
2 Powerof xin7T,., =12 —r - 2r

ST = ”cﬁzﬂ[r_z]& ; =12-3r
: For = (i.e. x™), 12 -3r=-15
= 4622%(1) o | o
= 231x" . the term in = 12 Co(2x)3 (=1’
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Practice Questions

Exercise #1
Expand each of the following: 3
@ (1 -2 () (1 + 3’ © (1-ax)

Show that (1 + Jx) =(1 - ¥x)* = 104% + 20x¥x + 2*x. Hence deduce the
value of (1 + ¥2)' = (1 = V2)".

Find the first 4 terms, in ascending powers of x, in the following cxpanasions:
@ (1+x° b) (1-x" (© (1-2%)
@ (1+2 () (1-3x" ® (1+x)

16 2x ]
co w(y) (43

3 4 .
Find the non-zero values of a and b for which (2x - a) =8 - bx* + —z—bx a

' 9
5. Find the first 3 terms, in ascending powers of x, in the expansion of (1 -2x)° and of

(2 + x)°. Hence expand (1 — 2x)°(2 + x)° up to the terms in x’.
Find the indicated term in each of the following exgansions.
(a) (2+ x)"°, 7th term (b) (3x-12), 4th term

12
I ¢
(€ (v -2x)" 5th term (d) (x € -2-:1] , middle term

10
In the expansion of (x“ - %} , find

; 1 _
(a) the term in x", (b) the coefficient of —, (¢) the constant term.

5 . e " £
Expand [-12— & 2xJ up to the term in x. If the coefficient of x° in the expanswr@vj}

1 37) [l - Zx]s is 2 ‘find the coefficient of x* £
(1 +ax+ 5 o {(’?-?

7
In the expansion of (1 + x)(@ — bx)"’, where ab # 0, the cc;efflc:if:r@g\i41 is zero.
Find in its simplest form the value of the ratio % &%\@
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Answers

(b) 1 + 15x + 904 + 270¢ + 405x" + 243y

- 6
1. (a) 1 - Br+24¢ 320 + |
(© 1 - 6ax + 150’0 - 20a’c + 150‘3‘—(6:)’;1’ +l;:x‘ o ZW:. 5842
Ox 45x’+120.1’+... - + -
> g))llrllax:nzx’-uwa,... (d)1+1h+$f+?ﬁ+...
(e)l—24:+252x’-1512r’+... MN1+97+3 ;‘+ng’+m
(g)l-l4.\’+84.r‘—280.r°+... (h) 1 =8¢ +30x"=70x # ...
d ’ a=3,b=36
piotor it M2
y
5 l-18x+l44ﬁ+_,.:32+80r+80.€+...:32-496x+3248.r’+...
' 7
6. (a) 336015 (b) —489 888x* (c) 3360x*y* (d) 14-1—6-1"’
7. (a) 3360x" (b) 15 360 (c) 13 440
1 5 4 '1* o l 9, _5_
3-3—2——§x+5r-201:{..-__ ,38 :

O
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Past Paper Questions

Binomial Expansion

1\5
1 Find the value of the coefficient of '.]E in the expnnsjgn of (7.: - }') . (31
2 Find the coefficient of x* in the expansion of
@ (1+2x)5, (31
5 an (1-=3x)(1 +2x)5. 13}
(1) Find the first 3 terms in the expansion of (2 — x)® in ascending powers of x. 31
g 6
(1) Find the value of k for which there is no term in 2 in the expansion of (1+kx)(2-x) bxz Fi[:;
' The first three terms in the expansion of (2 + ax)”, in ascending powers of x, are 32 — 40x + bx". B3
the values of the constants n, @ and &.
2 ; ; L : £ x, of 2 +2)- 131
(i) Find the first 3 terms in the expansion, in ascending powers of x,
; 5 3
(if) Hence find the coefficient of * in the expansion of (1+x*)*(2+ %), (3]
. . 3
6 (i) Find the first 3 terms in the expansion of (2 + 3x)° in ascending powers of x. [3]
(ii) Hence find the value of the constant a for which there is no term in »* in the expansion [‘;
(14 ax)(2+3x)°.
- (i) Find the first 3 terms in the expansion of (1 + ax)® in ascending powers of x. 21
(i) Given that there is no term in x in the expansion of (1 — 2x)(1 + ax)’, find the value of ![1;
constant a.
(iii) For this value of a. find the coefficient of x* in the expansion of (1 —2x)(1 + ax)’. 3]
8 6
(i) Find the terms in x and x in the expansion of (1 —3x) . (3]
.
(i) Given that there is no term in x* in the expansion of (k + 2x)(1 - ), f@ﬁe value of the
9 constant k. 2]
The coefficient of x> in the expansion of (a + x)° + (2 —x)® is 90. Fi value of the positive
constant a. % [5]
>
10 Find the coefficient of x* in the expansion of O@@
1 6
o (2-5). @ﬁ? 2
1\° ©<€/ﬂ A—
a (1+2) (-5 ). & £

11 2

—— —

. Y v fx 4 8
Find the coefficient of x* in the expansion of ( ) . [S]
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6
of ¥ and X in the expansion of (2—%)"

@) Find the coefficients :
on of (3x+1)(2=%)"

coefficient of X in the expansn

() Find the -
Find the term that is independent of x in the expansio

o -2

(i) (2+—)(x—-)-

4
the term which is independent of x in the expansion of (x + }-) .

12

13

14 Find the value of

249
15 Find the coefficient of x in the expansion of (Sx - ;) ;
16 | 216
Find the coefficient of x” in the expansion of (x + ;) ;

o (i) Find the first three terms in the expansion of (2 + u)* in ascending powers of 4.

(ii) Use the substitution # = x + x> in your answer to part (i)

expansion of (2 +x+ xz)s.

x 206
18 Find the value of the coefficient of x* in the expansion of (-2— ;) :

19 () Find, in terms of the non-zero constant k, the first 4 terms in the expansion of (k + x)® in ascending

powers of x.

(ii) Given that the coefficients of »2 and & in this expansion are equal, find the value of &.

20 (i) Find the first 3 terms in the expansion, in ascending powers of x, of (1 - 2x°)8.

(ii) Find the coefficient of x* in the expansion of (2 - 2)(1-2x2)5.
= (i) Find the first 3 terms in the expansion of (2 - y)? in ascending powers of y.

(if) Use the result in part (i) to find the coefficient of x? in the expansion of (2 — (2x— 13))5-
2; In the expansion of (x2 - %)7, the coefficient of x° is —280. Find the value of the constant a.

- % 7 & VN Y T
(i) Find the first 3 terms, in ascending powers of x, in the expansion of (1 + x)°.

The coefficient of x* in the expansion of (1 + (px +x%)) is 95.

(ii) Use the answer to part (i) to find the value of the positive constant p.

24 In the expansion of (x + 2k)’,
Find the value of k.

25
In the expansion of (3 — 2x)

hence find the coefficient of x2.

youtube.com/c/Megalecture/
+92 336 7801123

to find the coefficient of X in the

where k is a non-zero constant, the coefficients of x* and X° are equd

(l +2). th i i i o
2) » the coefficient of x is 7. Find the value of the constant#
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Answers

1

2

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

25

1
memddﬂof -;1—40
(i) coefficient of £ =160 (ii) coefMcient of 220

(i) 64-192x+240x* (il) k=3
s 4t be

(i) :32+80x* +80x* (ii) coefYicient of x* =272

(i) 32+240x+ 7205 (i) a=-3

(i)=]+$af+10a::’= (ii) a-% (jif) --2.4

(i) -1352 (i) k=1

o=5

(i) co=fficient of x* =60 (ji) cocflicient of X =40

coefficient of x* =~145

(i) 240 and -160 (ii) coefficient of +* = 560

(i) =160 (ii) term independent of x=-140

54
coefficientof x= 1080
coefficient of ’12 =60

5 T » 'i-_- 0
(i) 32+80u+80u" (ii) coefficient of x~ =16

15

—

coefficient D,f x = 2

(i)=k'+8ﬂ'?.r+28k°x=+56k’x’ (ii) k=2

(i) .1-1622 +112x* (i) coefficient of x* =240

2 (ii i * =400
(i) 32-80y+80y"- (i) coefficient of X

a=2

(i) =14+ 5x+105° (iy p=3

2
O
o¥

&
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CIRCULAR MEASURE

—

decrees;
and sector area of a circle,

ip between range

syllabus:
ning the arc length

dian and use the relationsh
oblems concer

itionofara

Understand the defin
= insolving pr

rmulae s = r@ and A

L ]
e Usethefo

RADIAN MEASURE

The measure of angle subten
arc equal in length to the radius is called ra
the ratio of the arc length to the length of the ra

ded at the centre of circle by as
dian. The size of the angle is
dius. Radian has no unit

of measurement.

Relation between radian and degree measures

If 0 is the angle of semi circle with radius T’

1
then arc length S = 2 x2m =mand in radian 0 :

s mr ;
2 = @=nradian
r r

1802 = « radian

To change given angle into radian multiply it by x/180 and to change given angle into degree, multiply it by

180/7.

Arc length is denoted by 's’. s =T 8 where 8 must be in radian.

Area of sector is denoted by A : A = % rPOOR A= —rS
2

perimeter of shaded region = sum of all outer boundaries of shaded region. .f\\

Shaded area = area of whole figure — unshaded area OR shaded area = sur

youtube.com/c/Megal.ecture/
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Exercise # 1

The diagram shows a metal plate ABCD

from a.circle of radlus T0 o and v EF which has been made by removing the two shaded regions

tre O. The parallel edges AB and ED are both of length 12 cm.

() Show that angle DOE is 1.287 radians, correct to 4 significant figures. [2]

(if) Find the perimeter of the metal plate. [3]

(iii) Find the area of the metal plate. (3]

A

%]

In the diagram, OAB is an isosceles triangle with OA = OB and angle AOB = 206 radians. Arc PST
has centre O and radius r, and the line ASB is a tangent to the arc PST at S.

(i) Find the total area of the shaded regions in terms of r and 6. [4]
(ii) In the case where 8 = %ﬂ' and r = 6, find the total perimeter of the shaded regions, leaving your
answer in terms of v/3 and 7. @ (51
Q)
D
ﬁ@j
A\‘%b

0 B e , z“@@

In the diagram, AB is an arc of a circle, centre O and radius ¢em, mdf% AOB = %J’I radians. The
line AX is a tangent to the circle at A, and OBX is a straight line. 2

\ 4
(i) Show that the exact length of AX is 6+/3cm. @\Bj [1]
Find, in terms of x and '3, \
(ii) the area of the shaded region, [3]
(iii) the perimeter of the shaded region. 4]

youtube.com/c/Megal.ecture/
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PR
2em

agram, ral triangle of side
di ABC is an equilate o
xllncg::ele with centre A touches BC u‘l Q, and ur?;ernﬁ ;-
shaded regions, giving your answer in terms

5 §

2 cm. The mid-point of BCis Q. An arc of
d AC at R. Find the total area of the

5] |

In the diagram, AB is an arc of a circle with centre @ and radius r. The line XB is a tangent to the
circle at B and A is the mid-point of OX.

i 2
(i) Show that angle AOB = 1z radians. [2]
Express each of the following in terms of r, @ and V3:
(ii) the perimeter of the shaded region, 3]
[2]

(iii) the area of the shaded region.

’ I/' \}
/.x'/ //
N
In the diagram, OAB is a sector of a circle with centre O and radius 8cm. Angle BOA is a radians.
OAC is a semicircle with diameter OA. The area of the semicircle OAC is twice the area of the sector
OAB.

(3]
(2]

(i) Find a in terms of x.

(ii) Find the perimeter of the complete figure in terms of x.

‘a5
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radios
i . cle C, has centre P and :
The diagram shows two circles, C, and C,, touching at the point T gu't: Bd (,!2 i e
g cm; circle C, has centre Q and radius 2 cm. Points R and S lie on C, an respectively, and RS

a tangent to both circles.

21

(i) Show that RS =8cm. .

@) Find angle RPQ in radians correct (o 4 significant figures. -
(iif) Find the area of the shaded region.

C

The diagram sho.'“,rs a rh b 4BC . "
i ombpus D. Points P and Q lie D[} tlle dlagonal AC SU.C L
i n C and BQD is an arc of a CiIC]C ith ce:rltre A. Each s1
arc of a cir cle Wlth centre \ W h de of the thombus
has lcng!h S5cm and al'lgle M =1 2 radla.ns-

4]
(i) Find the area of the shaded region BPDOQ. @D@ .

(i) Find the length of PQ-

C ‘ @@7

s

el 0 L A
OJ’T’\IG rad M @J)
i ircle with centre O and
The di represents a metal plalc OABC . consisting tor OAB of a circ
€ diagram

L]

31
late.
(ii) For the case where r = lOandes-_E;r:.ﬁnd the area of the P

youtube.com/c/Megal.ecture/
+92 336 7801123



£ & Past Papers visit: |

A 10 cm
= d an le ABD = 0.8 rad;
jagram, ABCD isa parallelogram withAB=BD = DC J\rll:?ycm and ang adian,
?P%eﬂd BQ(E' are arcs of circles with centres B and D respec
12)
(@ Find the arca of the parallelogram ABCD. "
(ii) Find the area of the complete figure ABQCDP. :
ete figure ABQCDP. ]

(itf) Find the perimeter of the compl

11
is @ radians.
i i d radius r. Angle AOS is !
iagram sector OAB of a circle with centre @ an : : the circular arc
R: ;loint Cof‘thﬁsi:suchoﬂ:at BC is perpendicular to OA. The point D ison BC and
AD has centre C. .
(i) Find AC in terms of rand 8.
(i) Find the perimeter of the shaded region ABD when 8 = iz and r = 4, giving your answer as [zg;
exact value.
12
oy R R
° 2y/3em
agram i i : i f a circle with centre A and
i . D lies on the side AB of triangle ABC and C:D is an arc of a
m‘;‘cm. The line BC is of length 2v3 cm and is perpendicularto AC. Find the area of the shaded
region BDC, giving your answer in terms of 7 and V3. (4]
13 1
\

‘ //-\Hﬁl \ \\ ( # -@'\

am shows a metal plate made by fixing together two pieces, OABE{ D {shaded) and OAED
OABCD is a minor sector of a circle with centre ¢ and radius 2r. The piece

The di
h centre O and radius r. Angle AOD is w radians. Simplifying

(unshaded). The piece
OAED is a major sector of a circle wit
your answers where possible, find, in terms of a, x and r,

(i) the perimeter of the metal plate, 3]
3]

(ii) the area of the metal plate.

It is now given that the shaded and unshaded pieces are equal in area.
(ili) Find « in terms of x. 2]

youtube.com/c/Megalecture/
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"'"glll avad
281 g[282
5 Shaded area = ri(tan@-9)

perimeter = 1241243 + 47

3 Area shaded = 18V3 —6x

. H
4 Shaded region = V3 )

5 g=Am
p=r+('/5m+r4§)
(il Area =

§ a-x
a 3 8+5n

7 :RS e 8cm.

.angle RPQ = 0.9273 radians

—-)590 cm:
8 -
6.70

1.75

123 -1y

WWW. megalecture

com

Total area =55.2

10 Total area = 80 ‘ . 36

11 () AC=r—rcosf Pemnetcr-—+2\rs 2

12

13

+92 336 7801123

Shaded area =2v3 - T

2ar+ra+2r
3!‘2(1 2
—tar

2

2
a=—=7x
5
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Past Paper Questions

4 Bcm o0 ¢

The diagram shows a semicircle ABC with centre O and radius 8 cm. Angle AOB = 0 radians.

(1) In the case where 6 = 1, calculate the area of the sector BOC. 3

(1) Find the valuc of 8 for which the perimeter of sector AOB is one half of the perimeter o
sector BOC. [3)

(ill) In the case where 8 = %r.‘:, show that the exact length of the perimeter of triangle ABC j
(24 +8+/3) cm. [3]

Gecm B 4cm

In the diagram, OCD is an isosceles triangle with OC = OD = 10cm and angle COD = 0.8 radians,
The points A and B, on OC and OD respectively, are joined by an arc of a circle with centre O and
radius 6cm. Find

(i) the area of the shaded region, [3]

(i) the perimeter of the shaded region. [4]

4 em 0 p ¢ \\ n@fﬂ

In the diagram, ABC is a semicircle, centre O and radius 9 cm. The line BD is perpendicular to the
diameter AC and angle AOB = 2.4 radians.

(1) Show that BD = 6.08 cm, correct to 3 significant figures. [2
(i) Find the perimeter of the shaded region. [3]
(1) Find the area of the shaded region. 3l

youtube.com/c/Megal_ecture/
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T

A

. ; ircle. The
The diagram shows a circle with centre O and radius 8cm. Points A and B lie on the circle
tangents at A and B meet at the point T, and AT = BT = 15cm.

3
(i) Show that angle AOB is 2.16 radians, correct to 3 significant figures. A
2
(ii) Find the perimeter of the shaded region. =
3
(iii) Find the area of the shaded region. =l
A

0 3

B
12Zem

In the diagram, OAB is a sector of a circle with centre O and radius 12cm. The lines AX and BX are
tangents to the circle at A and B respectively. Angle AOB = %ﬂ: radians.

(i) Find the exact length of AX, giving your answer in terms of V3. (2]

(ii) Find the area of the shaded region, giving your answer in terms of = and v/ 30(@% [3]
Q

@@7
@@

12cm

The diagram shows a circle with centre O and radius E@@ﬁne point P lies on the circle, PT is a
tangent to the circle and PT" = 12 cm. The line OT c@ circle at the point Q.

(i) Find the perimeter of the shaded region. @@? [4]
(ii) Find the area of the shaded region.

[3]

youtube.com/c/Megalecture/
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7
s H 'HSRaﬂdR.byuu |
: . 1a is divided into two TEgIONS, 7 2 5
. i rcle with centre O. The circle IS' R, is equal to the lengg, |
ﬂ:-déi and g;w\isgfﬁngle AOB = 6 radians. The perimeter of the region /%,
radii )
of the major arc AB. )
(i) Show that 8 =7~ 1. o
: : 2 f region R,, correct to J signiicant
(i) Given that the area of region R is 30cm”, find the area ol reg 2 i
figures. ) )
8 ~. 24md e
. : di
The diagram shows a metal plate made by removing a segment from a c1rc1'e :ivlth centre O and radius
8 cm. The line AB is a chord of the circle and angle AOB = 2.4 radians. Fin
| (2]
(i) the length of AB, :
(ii) the perimeter of the plate, "
(iii) the area of the plate.
9 X
B
A

[7]

The diagram shows a square ABCD of side 10cm. The mid-point of AD is O and BXC 1s an arc ofa
circle with centre O.

(1) Show that angle BOC is 0.9273 radians, correct to 4 decimal places.
(i) Find the perimeter of the shaded region.

(itf) Find the area of the shaded region.

youtube.com/c/Megalecture/
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10
0
o
0 rad Fcm
o
The diagram shoyys as
sector into o triangle AQR and a segmentﬁf; aill;;l; ;%Eni gerr:ztclll?ar?s The chord AB divides the
(i) In the Case where the
are
of the constant P for whi c:;]s g iu;zlt:a;gle AOB and the segment AXB are equal, find the va][.;j
ii) In the
1 (ii) Case where r = g and =24 _find the perimeter of the segment AXB 3]
A
0< )26 rad X ¥
B

In the diagram, AYB is a semic
O and radius r. Angle AOB =
12 shaded region.

ircle with AB as diameter and OAXB s a sector of a circle with centre
26 radians. Find an expression, in terms of rand 8, for the area of the

at P and angle POT = « radians. The line OT meets-thekircle at Q.

N

ROT in terms of r and a. [3]

The diagram shows a circle with radius r cm and centr§@p The line PT is the tangent to the circle

(ii) In the case where a = j{)—x and r = 10, find the area of the shaded region correct to 2 sigrﬁﬁc?;]t
figures.
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13
o 9 le QOP = 6 radia
: i . Angle 2 ns,
In the diagram, OPQ is a sector of a circle, centre O and radius rcm g The
[:ngent to the circle at @ meets OP extended at R.
con is o . | g - 0).
(i) Show that the area, A em?. of the shaded region is given by A 17 (tan ) [2]
i f the shaded regiq
= — 15, evaluate the length of the perimeter O .
(ii) In the case where g=08andr - [4]
rcm
0<£8 0
The diagram shows the sector OPQ of a circle with centre O and radius rcm. The angle POQ is
g radians and the perimeter of the sector is 20 cm.
20 5
(i) Show that 6 = — - 2. 2]
)
(if) Hence express the area of the sector in terms of r. [2]
(iii) In the case where r = 8, find the length of the chord PQ. [3]
B
15
A
{7 rad
@ bcin ¢ p —
In the diagram, AC is an arc of a circle, centre O and radius 6em. The line BC is pcrpendiculm:lﬂ
OC and OAB is a straight line. Angle AOC = %ﬂ: radians. Find the area of the shaded region, giving
your answer in terms of 7 and v/3. 4]
16

o .
In the diagram, OAB and OCD are radii of a circle, centre O and radius 16 cm. Angle AOC=¢ radia®®

AC and BD are arcs of circles, centre O and radii 10cm and 16 cm respectively.

(@
(1) In the case where & = 0.8, find the area of the shaded region.

' _ €]
(11) Find the value of ¢ for which the perimeter of the shaded region is 28.9 cm.

youtube.com/c/Megalecture/
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17 " A .
-&f
|
@ 12¢em o
In the diagram, AOB is a sector of a circle with centre O and radius 12.cm. The point A lies on the
side CD of the rectangle OCDB. Angle AOB = 77 radians. Express the area of the shaded region in
18 the form a(v/3) — b, stating the values of the integers a and b. (6]
In the diagram, AB is an arc of a circle, centre O and radius rcm, and angle AOB = 6 radians. The
point X lies on OB and AX is perpendicular to OB.
(i) Show that the area, A cm?, of the shaded region AXB is given by
A =1r*(6 —sin 0 cos 0). [3]
(ii) In the case where r = 12 and § = é-n:, find the perimeter of the shaded region AX5, leaving your
answer in terms of 4/3 and . (4]
’ <)

&
0
&pgirits P and @ lie on the circle, and the

In the diagram, the circle has centre O and radius 5 cm. Tl?\m el mp—
eet at the point T. culate

arc length PQ is 9 cm. The tangents to the circle at P :utl;@/

@
(i) angle POQ in radians, @% 2]
(i) the length of PT, @@'} [3]
[3]

(iii) the area of the shaded region.
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20
Q

rm the perimeter ©
adians (se€ diagram).-

of the sector is given by

f a sector pog of acircle. Ther iy

1 is bent to fo
n and the angle POQ 15 er

2
show that the area, A cm’,

A piece of wire of length 50 ¢t

of the circle is rci
terms of r and

0] Express gin
A=25r-r" 4

d determine its nature. 1

(i) Given that rcan vary, find the stationary value of A an

21

[ SECEEREES

P -
the circumference of a circle with centré o and radius 3 cm.

The diagram shows points A, C,B,Pon
Angle AOC = angle BOC = 2.3 radians.
[1]

(i) Find angle AOB in radians, correct to 4 significant figures.
[4]

(ii) Find the area of the shaded region ACBP, correct 10 3 significant figures.

22

The diagram shows a circle C, touching a circle C, at a point X. Cirele C, has centre A and ra dius
* 6cm, and circle C, has centre B and radius 10 cm. Points D and E lie on C, and C, respectively and

DE is parallel to AB. Angle DAX = 1x radians and angle EBX = 0 radians.

(i) By considf;ing the perpendicular distances of D and E from AB, show that the exact value of 6
343
PR
is sin ( M ) (3]

[5]

(i) Find the perimeter of the shaded region, correct to 4 significant figures.
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The diagram shows a sector of a circle with centre O and radius 20cm. A circle wi'th centre C and
radius x cm lies within the sector and touches it at P, Q and R. Angle POR = 1.2 radians.

() Show that x =7.218, correct to 3 decimal places. =
(if) Find the total area of the three parts of the sector lying outside the circle with centre c. (21

(iii) Find the perimeter of the region OPSR bounded by the arc PSR and the lines OP and OR. [4]

a

Fip. 1 Fig.2

Fig. 1 shows a hollow cone with no base, made of paper. The radius of the cone.is 6'cm and the _hezght
is 8 cm. The paper is cut from A to O and opened out to form the sector shown in Fig. 2. The cu‘cuiz_xr
bottom edge of the cone in Fig. 1 becomes the arc of the sector in Fig.2. The angle of the sector 18
0 radians. Calculate

(i) the value of 6, [4]

(ii) the area of paper needed to make the cone. @ [2]
v

i

G

The diagram shows a triangle AOB in which A i3 12cm, OB is : éé%nd angle AOB is a right angle.
Point P lies on AB and OP is an arc of a circie with centre A. PQ “0 lies on AB and OQ is an arc of

A

12cm

a circle with centre B. | .\@
(i) Show that angle BAO is 0.3948 radians, correct :@@}ecimm places. [1]
(ii) Calculate the area of the shaded region. Of [5]
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Answers

J=Y

8 ]

w

E=

wu

(23]

~

oo

9

(i) " (ii) : 0.381 radian
5 cm

(i)+21.5 cm? (ii)+206 cm
(if) *43.3 cm (ifi) 117 cm?
(ii)e47.3cm  (iii) 50.9 cm?

(i) Ax =25 (ii) (483 -24m)

(i) 1259 cm (if) :15.3 em’

(ii) : 58.0 cm?

(i) 149 cm (ii)46 cm (iii)l46 cm?

(ii) 7.96 cm®

10 (i) p=2 (i) 34.1units

11 =%r:{:rsin: 6 ~-28 +sin 28)

12 (i) ra+rmna+°—us"—5—r(ii)34 em?

13 (ji) :34.0cm
14 (i) Area=(0r=r?) (iii):3.96 cm
15 (i) (33 -x) cn’

16 (i) 624cm® (i) a=0:65rad
17 a=54, b=24

18 (i) 2(7+9-3/3)em:

-

19 (i)1.8 radians (ii)P7=63c® (iii}9 cm
20 (ii)156.25 cm® ;A is a maximum

21 (i):1.683 rodians (ii)+14.3 cm?

22 (i) 16.20 cm,

23 (ii) 763 cm? [(iii) -35.1cm

24 (i) 0= 127 radians. (ii) 607 em

25 (i) 10,3948 radians (i) 13.1cm®
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TRlGONOI\ﬂETRY

Syllabus: size and using ei
nt functions (for angles of any g either deareq, ,

sketch and use graphs of the sine, cosine and tange

radians): s
o g
of the sine. Cosine and tangent of 302, 45°

nd related angles, e.g. cos 1502 = _l_vfg

e Use the exact values y s
i ri )
to denote the principal values of the inverse trig . |

Use the notations sin x. cos X tan X

Sin® tanﬁandsm29+Cos 29=1

e Use the identities —— =
Cosf rval (general forms of solutig,
drs

o ified inte
Ie trigoanEtFiC3| EQUHUD“S ]y”'lg in @ SPECIfIEd

e Find all the solutions of simp
not included).

Ty

BASIC ANGLE
nd nearest x-axis is called basic angle. Its value always +ive either

le by calculator with out using sign of angle value is basic angle. The
adrant and should not be used in calculating angle,

The +ive acute angle between angle ray a

counted clock wise or anticlock wise. Calculated ang

sign of angle value only indicates the position of angle ray in qu

General angle

The angle counted for
is +ive. If it is counted clock wise, its sign is
possible angles of any trigopnometric ratio in give
using its sign. Then with the help of sign, draw ang

which are the required angles.

Trigonometric ratios of complementary angles

Sin (90-8) = Cos 6 (2) Cos (90-8) = Sin O
(3) tan (90-6) Cot @
Trigonometric ratios of negative angles
_ For negative angles take sign of all trigonometric ratios in 4™ quadrant. @

m +ive x-axis to angle ray is called general angle. If angle is counted anticlock wise, its sign
_ive. All required angles are considered as general angles. To find out al
n domain of function, first find its basic angle by calculator without

le rays in concerned quadrants and find all possible general angles

(1) Cost (-8) = Cos B (2) Sin (-8) =-sin 6 (3) tan (-B) = - tan O

Solution of triangle

To solve right angled triangle, apply trigonometric ratios sine, cos or tan. To solve SBlique triangle (with n right

angle), apply sine
rule or
4 b cosine rule. Sine rule

c
i -. B e Co sine rule: a’=b%+c?-2bc Cos A

youtube.com/c/Megalecture/
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gine rule is applicable, when two angleWW%m@Qél'?&LHgﬁ?rPﬂJﬂ OR two sides and one of their

cangles given.
H
0

cosine rule is applicable when two sides and their included angle Is given OR all three sides are given.

ven angle is in composite form i.e. (ax+b) where a and b, are any constants, then first change given domain of
¢ |ng€ (x) into the doman ,of (ax+b) and then suppose composite angle equal to any simple angle like o or © and find
ar;g.ts possible angles in given domain, then replace the value of substituted angle in general angle and find value of
all ! le
ired aNBIE- . . o
f'u:d value of any trigonometric function if value of other trigonometric function is given, first draw angle ray of
y :1 rigonometric ratio in concerned quadrant and make right angled triangle with x-axis and given angle ray and
ive

4 unknown side of triangle by Pythagoras theorem and then apply formula of required trigonometric ratio and
fin

o aTAy
find its value. Exp: if x=5in -1 (g ), find Cos x and tan x when 90 < x < 180,

s onometric equation
golutio

find solution of trigonometric equation, if equation is in fraction or non linear, then first simplify the equation and

2 it into quadratic form by substituting the value of larger power, trigonometric ratio in term of smaller power

CITange.-netrh: ratio in given function, solve it and find all possible general angles in given domain. For simphﬂc.atmn,

trlgoﬂg tan, cot, sec and cosec trigonometric ratio into sine or cos if directly its value by formula is not pDSSIbiE-llf

;Z:rlgin of ;‘unctiOH is in degree, then write your answer in degree. If domain is in radian, then answer must be in
radian form.

conversion of trigonometric function
n

To show that the given trigonomic equation can be written in quadratic form, first of all chans‘? gi\fen Huation ;ntc;
/ :qUiTEd trigonometric ratio by substituting the value of given trigonometric ratio or by simplification. Then replac
r - -
it in to quadratic function. | B
xp: Show that Sin 20 +35in 0 Cos © =4 Cos? 0 can be written as a quadratic equation in tan 0.
p:

sketchin of trigonometric graphs:

In trigonometric equation y = a+ b sin ¢ X where a,b and c are constants y = @ is line of axis of curve, b =

amplitude of function and 360/c is period function. | @3%
line of axis of curve @

':w ;
[ i p ve at ward and(downward OR line of
The line parallel to x axis from which the curve move at equal Ifength to u:. -02%“
i i i i ined bty butting rieonometric ra
symmetry of the curve is called line of axis. It is obtained cy puiting Jalue of trig g\

qual to zero.
3

Amplitude of function O

Q\\\S‘

i ini [ ine of axis of ume\\y%?ca led amplitude. OR coefficient of
The distance of maximum or minimum pomt.from the line of axis of ¢ S )

trigonometric ratio without sign is amplitude of function. @

igi N ' : lue of the trigonometric
The smallest +ive number which is added to the original @ e and give the same va g

9 ; : . ;
function OR graphically the length of the interval over which fhegraph of function repeats itself is called period of
function,

Period of trigonometric function
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jon of the curve along y — axis is called fange o
um value of trigonomety; Fune,,
xim gonometrie Fati nq%

Range of function
sit

o
d minimum P

The distance between maximu nction, put m :
un .
numerically. To find range of trigonometric I r::nge of the function. g"“e,,
equation and simplify. Its answer is denoted by the
Maximum or minimum value of function il Fill5 I 6
jgonom uat;
; lue of function, put maximum value of trig Quation and y, "
To find maximum value 0 ' . it A simplify. Ing
minimum value, put minimum value of trigonometric
Asymptotes
t on which the given function is undefineq ,,
i Callgy

The vertical or horizontal lines through the poin mptotes
asymptotes, the graph of the function moves parallel along the asymp

Sketching of sine and cos graph
eir values on y-axis. If domain of functiop iS given

. ; -axi d th
%, Draw co ordinate axis and mark angles at x-axis an : Nin
-axis a
radian than write angles in radian. Usually mark quadrant angles on x-axis and then take threq equy
intervals in each quadrant. . X M Sero
p 3 Draw line of axis of curve by putting value of trigonometric ratio equa = _
given angle is 1, simplify the equation ang mark i

Put quadrant angles in given equation if co efficient of

answer along y — axis with respect to given angle. Also fi . i '
equation and mark it as point of intersection of curve and x-axis. If co efficient of angle is more than 1 then

first divide quadrant angle by co-efficient of given angle and put answer in given equation and mark its
value. Continue that process till first period of the function completed. Then repeat the all remaining graph

nd x-intercept of the graph by puttingy = o in givey
|

by same pattern up to given domain of function. ‘

Tangent and cotangent graph

1. Draw co ordinate axis mark angles on x-axis and its values on —axis with the interval of co efficient of‘
|

trigonometric ratio.
Draw line of axis and asymptotes (vertical dotted lines) though the angle on which function is undefined.

2.
Usually put two angles of equal intravel from each quadrant and find value of given function and mark it on the
y axis. Also find x-intercept of the curve by putting y = 0 in given function. Join aththese points by smooth curve

and draw parallel graph along asymptotes. Repeat the process up to given dg:fiain of function.
To find point of intersection of trigonometric graph and a line. Draw grajfin of/each_side of given equation by

putting it equal to y or draw by given conditions. Then find co ordinate of é{ﬂ
% then firs
tricdefentities are

For more accurate graph of sine and cos, first find period of one cycle by 3
parts and find their corresponding values of y from given equatiop.a
6. To prove trigonometric identity, if direct substitution of give
change, tan, cot, sec and cosc function into sine or cos and then &

i) secf=
Cos@
ii) Cosec § = !
Sin 8 _

T

Cos@
iv) Cot@ = L: Cosd

tand Siné
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X y =sin X

EI:]“ O ’ ?T:D' ’ : L
A
Y Y = cOoSs X

Als
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1+tan?0=Sec?@

vi)
1+Cot?6=Cosec?

vii)
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Practice Questions

Exercise #1

Prove the identities

_ | +COSX = nos v
1 +secx

2 1 -2sinx=2cos’x-1
3 C'Osz o

1- —— =g§in x
I + sinx

col x + tan x = COSecC X sec x |

— S =1 +cosx
5 cosecx — cotx

r 4 . 2
SIn X —COS X =SIN"x —COoSs™ x

6

. sin* x - sin® x = cos' x — cos® x

g (1 —cos x)(l + ;J = gin x tan x
cOsS X

g sin’x + tan® x sin® x = tan® x

tan? iy = 2. 2 .
10 an- x = co I?,..SCC X — COSeC™ X

l—[al'lz.‘l' .
11 T cos® x — sin® x
+ tan® x

|- !

. = 2sec’ g
12 Gn@+1 sin@-1

13 (1 + tan x — sec x)(1 + Cﬁtx+comcx)%2

14 _sinx o _SX =9cotx
secx-1 secx+l

sec 8 tan &
sec B+ tanfl  secO—1an @

=1+21anzB

15

M = cos A sec B
16 ¢cos B +secA

17 3 - 6¢08° x

i

3(sin x + cos x)

sin x — cosx
l+cosA 1 -—cosA _ 4
' - = 4 cot A cose
R 1 =cosA ]l +cosA CA
1o 2 — cosec” A — sinA - cosA
cosec- A + 2cotA SinA + cosA

20 o5t x + cot? x cos® x = cot® x.

P
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Exercise #2

Find all the angles between 0°

(@) Scosx+2siny=( and 360° which satisfy the equation

(b) 3(sin x - cos x) = cos x.

L]

Find all the angles ;
equations. gles between 0° and 360° inclusive which satisfy the following
(a) 4 sinx cos x = cos x

1 —
(©) 2tanx=4—gec?y (b) 2cos?x-cosx=1]

(d) 2 sinx co$ x = tan X
Find all thie angles between 0° and 360° '

(@) cos2x=0.5

which satisfy the follow}ing equations.

(b) tan (x-60°) = :;5

“(¢) 3sin2x+2=0 (d) cos (2x-40°)=0.8

(e) cot (2x+ 10°)'=-0.5 (f) cosec (2x +60°) =4

Find all the angles between 0° and 360° which satisfy the equation
1 1

(a) sin FX= (b) 3cosy=2secy, (¢) 4tanz+cotz=>5.

Find all the angles between 0° and 360° which satisfy the equation

(a) tan (2x—60°)=-1, (b) 2siny=tany, (c) sec’ z=4sec z-3.
Solve the following cguaticms for angles between 0° and 360° inclusive.
(@) 2cos2x+1=+2 (b) 3 cof’ x = cosec l_f_cg'lx
(c) 2cos’x+3sinx=3 (9 3s12nx+21a1:x:4
(e) |sec (x=50%)|=3 (F) sec’ x +2 tan = .
(h) 3 cos (x+40)-4s1n(.x

2
9 gin x cos x +cos*x =1 . os (. )
Elg)’ (cos x — 2)(cos x + 1) = sinx (j) 2sinxtanx= 3

— = —I in® —Ssinxcosx—.—?:cosz:c

{k) cot (,, 100) 5 (l) 2 s51n” X ; (QD%
Fin \Y% - PR < 180° such that

ind the alues of x, where 0 X ( ) in G - 5

(@ 2 cos® x +sin 20° = 1,

e L — X. O
c) c il { ) 1

and 360° which satisfy the fol!og‘;ﬁ%%;uations.

¥

r

(5]

g;d ;l iat:e'l:iglsisctfézvie? ’ (b) 2+sinycosy &

(c) 2 cos?z—sinz+1 =0

Find all the angles between 0° and 360°

(a) 3sinx-— 278?)560(.;5: 1. K
2x - = (.. |

g}d jls l;e angles between 0° and 360° whic@%tlsfy the equation

(a) Scos"’x—gsinxcosxsﬂ, @b

(b) 5tan’y+7=11sec), (

() 1+2sin(F+ 75°) =0.

inclusive which @sf.y thenequation.
(b) tany @i‘n y sin 40 ,'
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Answers
(b) 53.1°,233.1°
(b) 0°, 120°, 240°, 360°

L. (a) 111.8° 291.8°
(d) 0°, 45°, 135°, 180°, 225°, 3150 5 -

2. (a) 14.5°, 90°, 165.5°, 270°

(c) 45°, 108.4°, 225°, 288.4° e
3. (a) 30°, 150°, 210°, 330° (b) 90;270 5. TR Fias
(c) 110.9°, 159.1°, 290.9°, 339.1° (d) 1.6° 38.4° 181.6% 218.4

(f) 52.8°, 157.2°, 232.8°, 337.2°

(8)53.3" 143.3° 233.3°,323.3° ]
4. (a) 60°, 300° (b) 35.3°, 144.7°, 215.3°, 324.7 (¢} 14.0°,45° 194
(b) 60°, 180°,300°  (c) 70.5°, 289 50

5. (a) 7.5°,97.5°, 187.5°, 277.5°

6. (a) 39.0° 141.0°, 219.0°, 321.0° (b) 70.5°, 90°, 270°, 289.5°
(c) 30°, 90°, 15¢° (d) 0°, 131.8°, 180°, 228.2°, 360°.
(e) 120.5°, 159.5°, 300.5°, 339.5° (f) 45°, 135°, 225°, 315°
(g) 0°, 63.4°, 180°, 243.4°, 360° (h) 176.9°, 356.9°

(i) 180° (j) 60°, 300° (k) 146.9° (1) 71.6°,153.4°, 25| o
7.(a) 55°,125°  (b)32.8° 100.5°, 152.8°

- (a) 85.7°, 175.7°, 265.7°, 355.7°
9. (a) 90°, 221.8°, 318,2° (b) 0°, 38.9°, 180°, 321.1°, 360°

(€) 5° 65°, 185°, 245° :
(e) 90°, 170°, 3300

10 (a) 32.0°. 90°, 212.0°, 270° (b) 60°, 300°

() 35.3% 144.7°  (d) 135°, |53 40

N

Oa! 2250

333.4:.\

(b) 90° 116.6% 270° 296.6° () ggo
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Exercise #3
1. Find the values of 8, where 0° < 6 < 360°, such that
(a) («?meez— 1)(sin @ + 1)=0, (b) (cos @ - 1)(cos 6 + 1) =0,
(c) sfnze(l C{:gs 9; 3,_) =0, (d) tan 62 cos 0-1)=0. )
(e) sinb(tan O+ 4) =0, (f) (3 sin @~ 1)(tan @ + 1) = U
2, If0° = .B < 360°, find the minimum and maximum values of |
(@) 7sin 8-3, (b) 5 cos 6+ 2, (©) 4-3sin 8.
3, Sketch, on separate diagrams, the following curves for the domain 0° < x < 16F
and state the corresponding range of y. Ny )
(3) y:sinx—Z (b) J’=5r:osx (C) y_—_-q,sn'rl_r_—._’
(d) y=2cosx+1 (e) y=3(cosx-1) (!') y =|3 sin i -2
(@ y=I5tanx (h) y=2tanx-3 (i) y:]{Stan. £ 2
4. Sketch, on separate diagrams, the following graphs.
(@) y=4cosx-3for0° <x= I80°
(b) y =6 tanx for 0° < x < 180°
(c) y= 3 4+ 2 sinx for 0° < x < 270°
(d) y=cosx-— 1 for 0° < x < 720°
-~ (e) v=1+3sin.rfor—360°ss,r5720° _
" inal ) = 1 + 1 for
5, On the same diagram, sketch the graphs of y = [2 sin x| and ) |2 sin x |
0° < x < 360°.
6. Sketch the graph of y = '3[(:05 x-2for0°<x=< 360°.
| | | e ‘ , = 2 sin x — | for the
On the same diagram, sketch the graphs of y =3 cos X and. ) 2 S8 of e
" i ; al 0° < x < 360°. State the number of solutions, 10
interve sTX s 8
i ] = 261N %
equation 3cosx+ ST | . @
hical method 10 determine how many solutions there are to the eq @@
a e ;
* [[stfarzll %]r:{)] + sin x in the interval 0° < x < 360°. @4
‘ ues
thé graphs of y = tan & and y = cos x, for d%%\‘

of x v aciti -
(a) the number of rools of the equ 2nd 270°, for which t ©

f values of x, between 0°
i tt)}zl'lr??l%fe:si:; zse x increases. {?
%
©@
o¢
@@

ame diagram,
9, Sketch, on the same CHE™ > © O 360°
0° alg 360°. Hemee W2 «os x in the rang '
from stion f4n X co N\ d cos x are
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Answers (b) 0°, 1800’1 ggaﬂoﬂﬂua 360°
0° 60°, : u’ o
. (a) 90°, 270° @y, 50 160.5% 315

(©) 0°, 180°. 360 84,0°. 3600

(e) 0°, 104.0°, 180°, 2 "y

(b) Iy sl ___-c__yém}’e R]

2. (a) -10, 4
< -1.ve R) (y:
3. (a) [y:-3sys-LYE (@)1 <5.ye R
. g<y<2)yeER 10Sy <)
(c)(.v-—ﬁ::--‘.ﬂé';zml - 00 M (y:y=0,yep
(e) l)'i.-‘?*--‘o“vé ) (h) R
7£g)l,\'-}? v 8. 4
9.” o) 180" < 5 <210
. (a) 2
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Exercise #4

The acute angle x radians is such that tan x = k, where k is n positive constant. Express, in ferms of k,

() tan(m — X),
) tan(3m — ),
(ifi) sin.x.
(i) Show that the equation

3(2sinx —cosx) = 2(sinx— 3cosx)
i i - s 2
can be written in the form tan.x = -3
(ii) Solve the equation 3(2 sin.x — cos x) = 2(sinx — 3cosx), for 0° € x < 360°.

(i) Show that the equation 2sinxtanx + 3 = 0 can be expressed as 2cos’x—

(ii) Solve the equation 2sinxtanx+3 =0 for 0° < x < 360°.

(i) Show that the equation 2tan”@sin® @ = | can be written in the form

2sin*@ +sin’8—-1=0.

(ii) Hence solve the equation 2 tan” 8 sin” 29 = | foR 0° £ 0 <360.
1
1 1 y2 l—cos@
(i) Prove the identity (m — m) GET, .
i ] b Y for 0° < 0 < 360°.
(ii) Hence solve the equation (m - tzmﬂ) 5,

<
Solve the equation sin2x = 2cos 2x, for 0" s x € 180°.

) « . — ) 6_
(i) Prove the identity tan=@ —sin @ = tan” @ sin”

i by i < 0 P
e Lt --.<‘ -‘- é " i! D

sin 8 T e e
(i) Show that m d,ng cos@ sin~@—COS

sin @ ___E_CE_L,3 f{i@%*i%{)“

g —cos@
&
sinxtant _ . -i'" @@

(i) Prove the identity T— 5 cos X

1 -S_IE_EED_E 2 =0, fgr@%\dSﬁG
(i) Hence solve the equation T oo

cos @

H _'_._.——'_'-_—___h -
(if) Hence solve the equation Gigy cos§  sin

youtube.com/c/Megal.ecture/
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forO€x<m
11 A function f is defined by f 2.0+ 3 - 2tan(}x)

(i) State the range of [.
(i) State the exact value of £(37)-

(i) Sketch the gmphof y = f(x).

1
(iv) Obtain an expression, in lerms of x, for I~ (x) [3}
P < 180°.
12 Solve the equation 15 sinZx =13 +cosx for0° <X [4]
" =2s5inx for0 € x <2r. “] |

(i) Sketch the curve y
your sketch, determine the number of real roots o the

(i) By adding a suitable straight line to

equation
2nsinx =X —X-

)

State the equation of the straight line. :
=cos29andy=._-,-for0£9£23r. B

(i) Sketch, on a single diagram, the graphs of ¥

14 N .
(ii) Write down the number of roots of the equation 2cos 26 — 1 = 0inthe interval 0 < 6 < 27, 0
(iii) Deduce the number of roots of the cquation 2 cos 26 — | =0 in the interval 107 £ 8 < 207, (1]
15 (i) Given that
3sinx—8cosx—7=0,
show that, for real values of x,
cosx = —3. [3]
(ii) Hence solve the equation
3sin?(6 + 70°) —8cos(8 +70°) -7 =0
for 0° < 6 < 180°. M
16 (i) Solve the equation 2 cos® 8 = 3sin 6, for 0° € 6 < 360°. [4]
(ii) The smallest positive solution of the equation 2 cos’(#6} = 3sin(n@), where n is a pc{siﬁw:
integer, is 10°. State the value of n and hence find the larpest solution of this equation in the
17 ) in!cr\r'al 00 S 9 = 3600 r3'|
[4]

Solve the equation 7cosx + 5 = 2sin’x, for 0° <x < 360°.

18 (i) Solve the equation 4sinx + 8cosx—7 =0 for 0° < x < 360°. (4]

(ii) Hence find the solution of the equation 4 sin® [%9) + 8cos (%9) —7=0for0°<0<360° [

(a) Find the possible values of x for which sin'(x* - 1) = Lz, giving your answers correct to

2 3 decimal places. 3]

(b) Solve the equation sin(2 + {7) = 1 for 0 < 8 < , giving 6 in terms of x in your answers. [4]

20 o 3;1 ] : y

_TOINI/ T OTNGL

The diagram shows part of the graph of y = a + bsinx. State the values of the constants a and b. 21
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Answers

-k , ¥
- ) (i) cos(0+70)= —7+ 0=61.8
—x) ==k 18 .
£ & 28.2
0+70=131.8 (or228.2)
I i 3
- _;--x)-; 0= 158.2
k
. - [§
(i) sin X jl+k2 ¢ . -3.0031: 150
2 3 o
N 9 290
tan¥ =—F - 0
0
2 . 360-369 = 323.1° sy
- g 300"
3 ¢ = 120° or 240° 18 . 60 o
- 1 8-—172" (0300md)
g = 45135 '
e x==1.366
f 19 .
50=64.6°or295.4° 9 -
6 T 31Tor!’l7(alloul?2) —ad
) T =54.2° or 144.2° . N
7  Also 234.2° and 324.2°

(I} 12 E!IS\-"-ETS
g =540 12530, 2347°,305.3¢

j0r5=109. 50 or 250.5°

(i) Range Of f“-: 3

11
2 "
o =g )=3-243
(ii) ﬁ3f)

J—X

-1f 3
+f7' (x) =2tan [TJ
12 113(.6), 70.3

-
13 @) Required line ¥ =1- - ({?@

Line through (0. 1), (m, 0) drawn

i lations in [ -n]

E Jete oscil
' 14  Exactly 2 compl¢
. I @@ﬁ

Line = — correct
T —— €
(i) 4 Q(}@
<
(iii) 20
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pPast Paper Questions
Trigonometry
' ' a 180° which satisfy the equation sin3x 4
1 Find all the values of x in the interval 0° € X € %3&&‘
2 . . = <2 @ can be written as a quadrat; 4
(1) Show that the cquation sin?@ + 3sin 0 cos 6 = 4cos ki Wuaann‘
tan 6. A
< 6 < 180°.

solve the equation in part (1) for 0°

(1) Hence, or otherwise, i : g

E (1) Show that the equation sin 8 + cos 8 = 2(sin 6 —cos ) o Do ERPESCEERERS: (2

; P g 360°.
(1) Hence solve the equation sin 8 +cos § = 2(sin 8 — cos ). for 0°<0< o
4 Solve the equation
sin2x + 3cos 2x =0,
for 0° < x < 180°. 4
5 — tan® .
Prove the identity l anz.r = 1-2sin’x, [4)
1 +tan“x =
6 In the triangle ABC, AB = 12¢cm, angle BAC = 60° and angle ACB = 45°. Find the exact length
of BC. K
. 2
(i) Show that the equation 2 tan? 0 cos @ = 3 can be written in the form 2cos“ 8+ 3cos0 -2 =,
¢ o
(ii) Hence solve the equation 2 tan®8cos @ = 3, for 0° < @ < 360°. B
sinx sin.x )
8 identi AR =2tan"x. 3]
Prove the identity T———— ~ T~
9 (i) Show that the equation

3(2sinx — cos x) = 2(sinx — 3cos.x)

2

* s 3
can be written in the form tanx = -3.

(ii) Solve the equation 3(2 sin.x —cosx) = 2(sinx - 3cosx), for 0° € x € 360°.
+h cos 8 1 ol

(i) Prove the identity m =1+ o
: cos @ 1
_ 00 4 for0°g 3 ©)
(1f) Hence solve the equation fan6(1—sin6) for0° < 0 <360
11 1 1 o

(i) Prove the identity tanx + = — ;
tanx sinxcosx

(ii) Solve the equation —2—— =1+ 3tanx, for 0° < x < 180°. g
Sinxcosx
- It is given that @ = sin 6 — 3 cos 6 and b = 3 sin 6 + cos 6, where 0° < 6 < 360°.
3]
() Show that a* + b* has a constant value for all values of 6. :
[

(1) Find the values of @ for which 2a = b.
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The reflex angle 0 is such that cos 0 = k, where 0 < k<l
) Find an expression, in lerms of k, for
(a) sin 8, 2]
1
(b) tan6. i
2]
n why sin28 is negative for 0 < k<l.
(1]

(ii) Explai
smﬁ cos@ tanf- 1
| e

sin@ —cos 6 _ lan9 for 0°<9-£180

(i) Hence solve the equation W —
[4]

1 +cos@ 1—cosf _ 4

) prove the dentiy 1 cop " Trcas0  sm0an?
for0° < @< 360°, the equation
[3]

(ii) Hence solve,
_— 1+c059_1-c059):3_
i (1-—c059 1 +cos®

(i) Show that the equation 3tan§ = 2€OS fc
5 sin@ +3sin@ — 2= 0.

an be expressed as
[3]

3]
(ii) Hence solve the equation 3 an g = 2 cos 8, for 0° < 6 < 360°- 5 o
(i) Show that the equation 4sin*@+5= 7 cos” 6 may be written in the form - 0
where X = sin” 6.
4
(i) Hence solve the equation 4sinto +8 = Teos 29, for0° <6< 360°. ria-]l
(i) Sketch and label, on the same diagrai. the graphs of Yy = 5 sinx and y = €03 2x, @@bc inte ds
0LXS T
i i inX = i i <xsn [
(if) Hence state the number of solutions of the equation 2 sinx = cos2x1n m@g\s Gal0<XST [1]
Solve the equation 3sin~ 6 — 2c0s8-3=0 for0° €6 < 180°. @@5 [4]
Given that x = sin” ( L), find the exact value of &@
2
(i) cos’x, @@E [2]
2
(i) tan’ x. @ 2]
(i) Show that the equation 3 sin xtanx = 8 can be w@:\) 25 3 cos-x + 8COSX 3=0. [3]
(ii) Hence solve the equation 3 sinx anx= 8 fi < x < 360°. [3]
Prove the identity
[4]

X,\,

1 +sinx COSX
— =

-
cos X 1 4+sinx COSX
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(i) Prove the identity (sinwggs' W ﬁ g-aslgg Elﬁlsr G QU x + cosx.

(ii) Solve the equation (sinx + cos.x)(1 - sin.xcosx) =9 sin’x for 0° € x < 360°.
Prove the identity

2

2y = tan®xsin’x.

tan®x —sin
() Sketch, on the same diagram, the graphs of y = sinx and y = cos 2x for (° <
x5 1300

(ii) Verify that x = 30° is a root of the equaﬁOﬂ sinx = cos 2x, and state the other r
for which 0° < x < 180°. Sotof thig

(iif) Hence state the set of values of x, for 0° < x < 180°, for which sin x < cos 2x.
(i) Show that the equation 2 cos.x = 3 tan.x can be written as a quadratic equation in g,
X,
(i) Solve the equation 2 cos 2y = 3 tan 2y, for 0° < y < 180°.

Given that cos x = P, where x is an acute angle in degrees, find, in terms of p,
(i) sinx,
(ii) tanx,
(iii) tan(90° — x).
(®) Show that the equation 1 + sinxtanx = 5cosx can be expressed as

”
O6cos"x—cosx—-1=0.

(ii) Hence solve the equation 1 + sin xtanx = 5 cos.x for 0° < x < 180°.

(i) Prove the identity (—1 el )J‘ _ 1-cosx

sinx tanx/ 1+4cosx’
. N L\
(ii) Hence solve the equation (——— - —) =z for0 € x < 2x.
sinx tanx

() Express the equation sin 2x + 3 cos 2x = 3(sin 2x — cos 2x) in the form tan 2x = k, where k is 2 |

constant.

(1) Hence solve the equation for —90° < x < 90°.

youtube.com/c/Megal.ecture/
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AnsWEI'S
1 _f:BS.ET’.‘?S.‘)‘. 158.9° — o
i 3 radi 5.15 radians.
2 (|} tan° @ +3tanf-4=0 (|i) 8 =45° 104° 29 (") =113 radians.
ii -=5420 358°
s (i) 6=T16% 25L.6° 30 () w2e=3 () = 54
2
4 e=542°, 1442
6 néJ-é-Cfﬂ
2 (i) 8=060°300°
g (i) 143-1% 323.1°
10 (i) 6=1985° 160.5°
11 (i) x=455% 116.6°
17 (i) §=98.1° 278.1°
13 (i) () =v1-4* (b) =Yi=&% (i) 540°< 20 < T20°
14 (i) @=634° TIE°
5 (i) @=5311% 23.0°
=20 30° .
i (i) =00 RN
an ©
17 (i) g=30° 150°, 210°, 3307 @
- e O {6\’}\&"
18 (i) number of solution = = 5:5“5
@
=90°, 131.8° <
19 g : S\\\
i ~E 5
e B
, ' >
1 (i) x=70.5. 2895 r L §
v,’)/)
o @“‘/
3 (i) x=26.6° 2066 A
. . e%
)5 (i) 0°<x<30° and 150° <x <180 D\§
A
@
% (i) y=13° 75°
V4
() i (i) Y= (i) -7

1_.
J3]

33
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WWWI’[I;IG glEGﬁEWION

all—
Syllabus: \

" (x), f"(x) —and 4%y |
and use the notations f' (x), dx _d_x_z- (the techy,

Understand the idea of the gradient of a curve, Gug "
differentiation from first principles is not required); iples, sums, differences of -
Use the derivative of x" ional n), together with constant multiples, fumt'“‘ﬂs,a

of x" (for any rational n), tog g

composite functions using the chain rule; _ ; decreasing functions and
Apply differentiation to gradients, tangents and normal, increasing ané Ase of thang& '-
(including connected rates of change); i ili

; _ dobe § ching graphs (the abij ;
Locate stationary points, and use information about statlonaW_Po'“Fs, m:::tof pcingts gf inﬁ!exion ;Sltn to- lsti“ﬁm;h‘
between maximum points and minimum points is required, but identificati o I”C[Uded}.

GRADIENT

Measurement of change of y with respect to x is called gradient. Gradient of curve a_t nay point is tha Efadientnf
tangent at that point. The gradient of straight line remain same at any point but gradient of curve varie, With
coordinate of point on curve,

Gradient function

The derivative of given equation is denoted as gradient function and the process of driving it IS calleg
differentiation. ?j: 's used as a symbol to denote ‘derivative with respect to x’' and dy/dx means derivative of With
réspect to x. it also represents rate of change iny w.r.tx.
Formulae of differentiation

Ifa,b,cand 'n’ are constants, then

d ;
1. d/de (x") = n —-(base). If there is ‘X in base, th s derivative s 1 &
dx //
d/dx (base) is not mention in formula. If there is composite base of any petier, ive of base is always
multiplied with the answer. '\ \
|

d d d
2 L= L) L)
dx dx dx : H
=anx"*+0
B, E;(constant) = 0:- Constant means the term which does not contain th v“: which the function is
differentiated.
d .
4, a is denoted as rate of change with respect to time.

youtube.com/c/Megalecture/
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n rule
d ' .
The metho which is used to change a derivative with respect to derivative i "
tive of ¥ w.r.t x into derivative of y w.r.t time Is dy/dx = dy/dtxdt/dx in other variable i.e. to change {

cha!

dgl‘i\’a
(atfﬂna or turnin oint

To find co-ordinate of stationary or turning point put dy/dx = 0 and find value of x. then put th
te it into (x,y) form which Is stationary or turning point. put that value into

ﬁsmaJ equation and find y. wri
0

yature of turning point
x?) is used to find nature of turning point. To find value of d?y/dx?, first put dy/dx

pouble derivative w.r.t x(d?y/d

then put that value of x into d?y/dx? and simplify.

dfind X

-0an
If value of d¥/dx is

turning point s minimum.

i value of dy/dx? is +ive, then
f"(x) means d?y/dx.

_ive, then turning point is maximum f'(x) means dy/dx and

Range of x for increasing or decreasing function
which given function is increasing

When dy/dx is +ive, then function is increasing function. To find value of x on
x >0 and write set of values of x. i.e. (domainin x).

unction, put dy/d
ecreasing function. To find value of x on which given function is

hen dy/dx is —ive, then given function is d

w
te set of values of x.

decreasing function, put dy/dx < O wri

Gradient of function
put value of x on that point in dy/dx. If 8 is the angle of line

Gradient (m) = dy/dx. To find gradient on any point,
then m = tan 6 =dy / dx.

with x-axis,
intercepts of line or curve
Intercept means, the point on which line or curve cuts the axis. To find y-intercept or point on y(a(@put x=0in
int on x-axis, put y=0 in given equation. ©@ :

given equation and to find x-intercept or pot

Equation of tangent or normal lPergendicuEa:j__t;q_;jg;ng
%o
n equation of tangent to curv q%:»?

If m = dy/dx is gradient and (x, Y1) is given poirit. The

O

Y= m (x-X)
o

| o Pl s
equation of normal is: y-Y1 = g (9‘ ll) @@
o®

youtube.com/c/Megal.ecture/
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2 = -3).
Em';lijffirénﬁate () f(x)=2(x2-3x—2), (b) g(x)—(x+2)(.2x_ . ).

e f/(x)=4x-6,
f(x) = 2(x? ~3x-2) = 25" =6x=4s (x)=4%-

ich is parallel to the

50
Example
Find the equation of t
x~axis,

[ . z- wiz
he tangent to the graph of =X 4x+2

/a line parallel to the x-axis has gradient 0.
Let f(x)=x* —4x+2, Then f'(x)=2x—4.

_4=0,giving x=2. .
_ Tofind when the gradient is 0 you need to solve 2% 4=0,giving :

When x=2, y=2>-4x2+2=-2.
Example '
. - int where x=9.
Find the equation of the tangent to the graph of ¥ = 24/x at the poin
1
Let f(x) = 2x =2%%,
Then, using results in the boxes,
fi(x)= 2x%x'§ ]

-1 1

1
%53

The tangent passes through the point (9.2V9)

When x=9, f'(9) =9

=(9,6), so its equation is

y-6=%(x=9), or 3y-x=9.

' 2
g:‘;::fr:;atc each of the functions  (a) x(l+x2), (b) (1_+-J;)2, (<) f——i:—-l-—]
(a) Let f(.t)=.r(l+x2]-
Then f(x)=x+x°,50 f7(x)=1+3x%
() Let £(x)=(1 +J§)2.
=—1—+1.

1 ” -1 -1
Then f(x)=1+2Vx +x =1+2xx,50 f(x)=2x3x72+1=x1+1 -

2
1
é) Tee )T 220

1 r < _ ._1_.
Then, by division, f(x) =x+1+—=x+1+x ',s0 £(x)=1+(=1)x ’-=1-x2.

youtube.com/c/Megalecture/
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Practice Questions

Exercise #1
1. D:t‘fe;enllale the following with respect to x (where @ and b are constants).
@) 3¢ +dr-1 (b) &' =72+ 6x
(© 22 +5x -4y 49 d) dx+ 2
2_ 3 I
oy —
(8 ey (N ;ﬁ; = % +3
(g) 36 + bxz (h) sz + i -2
X
(i) 3x+2Vx -3 4) 8¢ +3c— yx
3 3
(k) 2x* - 4x* —6x + 8 ) 6xyx — 6x
2 6
(m) 4.“!_;7_; () m_%
2. Differentiate the following with respect to X,
2x° + 4x 2 X 3
(a) ——= i X —6x+4 4x - 5x -3
% (b) e G T 2
_r'z + 4 2 _ a
@ = (@ 3+ f 1 ) 6x’ 2{ x+2
3. Find % for the following functions of x.
(@ G+ D2x-1) (b)) x(Jx -2) © I+ Jx)1 - x
@) 43 — J;) (e) (2x+ I)(x - 2) ) (1 I~.i.-)(4.t - 1)
x Vx
4. Find the value of f'(x) at the given value of x. ©@
(@ f()=3"-2x-4,x=2 (b) fx) = 6x— 2, x=—1 ©
X

() f(x)=3x=dxx=4 @ ) = (v - Hx + D3

5. Calculate the gradient of the tangens to the curve at the given PO%

(@) y=4x=6x+1, (2,5 ) y= 5‘4“ x @
< (? -9 (dh) (r+ 1(2x ﬁfsy
(©) y=Jx2-x),x= ) s, X S
6. Calculate thc gradient(s) of the curve at-the pomt(s) cn. ¥y is given.
(@ y=xX-2x,y=-1 (b) \—._1@ .y =2
(c) J=—"'9,J-'=4 (d) 3% p
7. Calculate the "I'ddICI'I[(S) of the curve at the nt(s) where it crosses the given line.
@) y= — 5x + 1, y-axis (b) y= ; 4 x-axis
(c = 2x* — 8, x-axis d) y=3+t2 y=<x
) y X (d) : = y -\ 4

youtube.com/c/Megal.ecture/
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8. Find the coordinates of the point on the curve y =
gradient is 3.

B sk
9., The curve y = ax’ + = has gradients

the value of @ and of b.

10. The gradient of the tangent to the curve )y =
Calculate the values of the constants a and b.

11. Given that the gradient of the curve y = % +bx’ at

the value of a and of b. Show that the tan
x = 1 has the same gradient as that at 2.

12. The tangent to the curve y = % + bx at (1, 3) is

Calculate the value of a and of b.

Answers

.
£ - 32 + 6x + 2 at Which the

2 and -1 atx = | and x = 4 respectively. Finq

ax’ + bx at the ppinl (2, -4) is 6,

the point P(3, —15) is —13. Fing

gent to the curve at the point where

parallel to the line y = 2x + 1.

2
1. (a) 6x + 4 (b) 4x — 14x + 6 (c) 6 + 10x -4 @4-—~

- 4

© 18+ 5 o-% .1 (@2 (h) 10z - —

* = * 3 1

! : N 8
@3+ = @) 165+ 3 — o=
' 1 3 3
M 9x7 - 3x ° (m) 10x2 + 3x 2
3
2. (a) 2 ®)1- = © 4x+
1 a2 23
(e)%.rz+%x3+5x1 (f)3+1-:c~
3. (a) 4x + 1 (b) %J‘ _2 © -1
1 P 3
(c)2+% (ﬂ—6x=+gx2+%x2
4. (a) 10 M) 9 © 2 1
5. (a) 10 ®) -1 (© 4=
6. (a) 0 (b) -5, 5 (!
1
7. (a) -5 (b) i (c) -8, 8
SR R
8. (1, 6) 9. a= 7,,b -
1 5
.a=9b=-2 2a=2b=3

(k) Sxi - 6x2 -6

(n) a + -bz-
X

@) ——
X

(d) 24x — 10x°

) 5
@ 5
(d) -8, 8 2
@ -2, =L lg‘))
)
10. a= ],, b = _6

=
9

youtube.com/c/Megalecture/

+92 336 7801123

—




For Live Classes, Recorded Lectures, Notes & Past Papers visit:
www.megalecture.com

8.2 Gradient of a tangent as a limit

Consider the problem of finding the gradient of the
tangent at point A on the curve y = f(x).

If B is another point on the curve, fairly close to A,
then the gradient of the chord AB gives an approximate
value for the gradient of the tangent at A.

As we move B closer and closer to A (i.e. B, B,, B,, B)),
the approximate value for the gradient of the tangent

at A gets more accurate.

So as B — A, the gradient of chord AB — the
gradient of the tangent at point A.

y
Consider the graph of y = 7. B+ ). 1+ 1)) !
The point A has coordinates (x, x2). E
The point B has coordinates ((x + h), (x + 1)%). i
The gradient of AB = (xth) = _ X 2eh I - !
(x+h)—x x+h-x S -
= th; i? _ h(sz Sy ”
1
As h gets smaller and smaller, B gets closer to A, and the line AB gets Weread 'h — 0'as
closer to the tangent at A. It tends to 0, i.e. ki gets
We say that as i — 0, we can find the gradient of the tangent at A. closer and closer to 0.
As h — 0, the gradient of AB — 2ux. O ———
Thus, the gradient of the tangent at any point on the curve y = x* is 2x. ta?1 : E;nt :tgr:y Etr)lint is t: -
. rate of change of y with
The definition of f’(x) is given as }Lng w\—) respect 1o x. 2
T —> i
Example 2
Find an expression for £'(x) when f(x) = 2.
f'{x} =1lim flx+h)—£(x)
h—0 h
=pmfx+“}i < )= sofix+h)=(x+h)
—0 1
= E.i_r,‘;‘ X’ +3x%h +3:r;1:h1 +i' -5 (e + NP = 23+ 3x2h + Bxli? + 13
— lim MGx? +3xl+17)
h—0 h ~<¢—— Simplify and factorise.
= ]ng 3x+ 3xh+ W
= 3x2 —— Ash—0,weget3x2+0+0.
When f(x) = 22, f'(x) = 3.

14{)' Gradient of a tangent as a limit
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Exercise #2

hl 1 Fmd the equation of the tangent(s) to each of the following graphs at the point(s) whose
x-or y-coordinate is given.
ﬁi (2) }'—I wherex=2 ) y_-_-12+2wherex=-1
\ (©) y=x2._2whcmy=‘_1 (@) y=x2-2Wh¢l'C)’='2_
int whose
, Findthe equation of the normal to each of the following graphs at the point ¥20
x-coordinate is given. 3
‘r —_—
l (@) y=x2wherex=1 (b) y==x 2 +1wherex= =
(€ y=x"+1lwherex=0 (d) y=x 2 4 where x = ,
f the normal at £
> e tangent at P to the curve y = x* has g;rachent 3. Find the equation © _
t there.
4 A normal to the curve y = x> +1 has gradient _1. Find the equation of the tangen
5 ‘ = % ) _;;.Qoordi_nal&.

en
Find the equation of the normal to the curve at the pomt with the giv

- here x=1
6 (a) y——izwherex-l ) y= =3x2-2x-1W

@ y=1-x 2 wherex=0

) y=1- —2x? where x =-2 e 2

(e) ¥y= 2(2+x+x )wherex--ll ® y=(2x

‘ 2 Laion is parallel to the line Y = %»
7 Find the equation of the tangent to the curve y =% whichis p

gcm to the curve y= x which is parallel t0 the x

8 Tind the equation of the tan
. . the curve Yy =% —?.x which is psrpcndlcular t@&(’.

9 Find the equation of the taogent to

Zy—.:x-—l._ 2 - =
_13x? —2x—1 whichisSP
Find the equation of the normal 1o he curve y = 3% 2 ‘R>
in
LN —1)* :which i "1totheyaxls

ormal to the curve y=(x

- en
11 Finddl*?equ_anonofm oo 52 +3x+4$nc lspe:pendacularm the
e

12 Find the equation of the normal 10

line y=7x—-5. @@

il S PR

@
&
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Answers:
1() y=4x-4 (b) y=-2x+1 6 Eg; ;;:f;fss g jj:b__xﬂ
E;; ,§f2§—3 and y=-2x-3 A . x:-__é_‘

- dp
2 (a) 2y=-x+3 (b) dy=x+22 7 dy=4x
¢ x=0 g y:(]
@) 2yVe==x+c(4c+1) y y=2x
3 12y=-dx+33 10 12y=12x-17
4 4y=4ax+3 - q x=l
. (_-2%*51%) 12 Ty=-x+64

youtube.com/c/Megal.ecture/
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Exercise #3
1 pifferentiate the following w.r.t. x.

@ (c+2 b) (2c-1)* © (§x+2 ,
@ (1-4° () (2-3¢) M (-x+2)
2 [)ifferemiale the following w.rt. x. )
| -—-—‘-T3 - - - dl =TT
(a] (3 —4x) {b) Rx+ 7 (C) 2 = ".)2 { ) (6x" + 5)

Differentiate the following w.r.t. x. :

(3) \’21 -3 (b) +6-2x (c) r\f'i/z’
1 -

@ o5 - 3x* (e) Va'i-x+1 (M) ¥ +2X

4. Differentiate the following w.r.t. x % 1

@ @- %) (b) (——T)'r © a9
fornas

3 4 +2x g

@ 2x + 2)5 © (¥- 1 r @ [

i alue of x.
3 9!- th ient of the curve at the given v
Find and the gradi

1
M) y= 45-2x,x= 7

Y o]
_1 _y=1 ) y=@x-5,y=? |
o 2= y - thecurvey=(1- x)* at which the gradient -
dinates of the point on
6. Calculate the coor

e 4x5-2x+5 aLWQ_

(a) y=(3x—1)",x=1

1 rvey =
7. Calculate the coordinates of the point on the cu y
" . /(1“—;55
A . 1 . y=2. Find the possible vataes of a.
(a - x)° has gradient = at x /@
8. The curve y =

l

= 2x e poi ore X = -1

4 int where X =% X
(a) y.-().’-z- — 4)° at the po | (v
1__ at the point where x = 3. %

o d the nortt '@lhe curve
ations of the tangent an &
B CC};I v + 1 at the point (2, 3). @
R —3\i at the point where X =

3
: =X +
s t where x = 1.

2 in
© y=x+7 at the po

youtube.com/c/Megalecture/
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the curve y = 2¢ — 3x at the point whe,,

)
gens. - ection of the tangents,

f the point of inters
to the curve y = 2x* = 7 at the points where
rdinates of the point of intersection of thesa

11. Fmd the equations of the tan
= —1. Find the coordinates 0

12. Find the equations of the normals
x =1 and x = -1, Calculate the co0

normals,
13 Find the equation of the tangent

to the curve y = X — 7x*+ l4x — 8 at the poiny
1 at which the tangent is paralle] to

where x = 1. Find the x-coordinate of the poin b
the tangent at x = 1. ¥ | and x = 4. F (=
14. Find the equations of the normals to the curve y = 24 WX x= g IUC-I

rmals intersect. _

2
‘l::. Find the equations of the tangent and normal to the curve y = 1/4.1: x~+1 atthe

point (1, 2). Show that the tangent is parallel to the line 6y — 3x =
= x° — |1x which are parallel to

the coordinates of the point where these no

16. Find the equations of the tangents to the curve y
the line y = x + 2. ' .

Answers s
L (a) 5(c + 2) (b) 82x - 17 (c) 3( L 2)
(d) -40(1 - 4x)° (e) —24x(2 - 3 (N 3(2x - (1 = x + X
3. @ -ﬁ o) —— © ==
i~y Oof s b
| 4. (@) 'i(%;l (b) ﬁ (© "'ﬁi}_f"‘;f)T
1 = LY L sl paPlatit B
oS o= J0od) o)
5. (a) 96 (b) -% (e) -2 (d) 108
6. (0, 1) 7-(1,. 2 8.a= % or % 9. (a) =12 (b) i
10 @) y=5c-75=17T-x () y=-3x-13y=x%7 @ y=-x+d y=x+2 @
11 2x+2y=-L,y=x-2, (— -g) 12 x+4y=-19,x-4y=19; (0, -T
13 ry=3x-3 g 14 6y=x+59, 3y+2x =38, (” L ) )

3 5'5
15 2y=x+3,y+2x=4 16 y=x-16,y=x+16
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Increasing and decreasing functions

x, and x, are two values of x in the interval p= x= 4,
f(x;) > f(x)- A function with this property is said to be increa

and if x, > x;, then
sing over the interval

p=Xx =gq.
yai YA
e E ' fexs)
i i

fx1) i o : :
2 i | | | .,
J; X X3 é : p x) x3 9 %

Fig. 7.6 Fig. 7.7

_ ) :on has the opposite
If £(x) is negative in the interval p<x<g,asin Fxg: 7_7,‘:11: ﬁmf_:;?; decreasing
propetty; if x, > X, then f(x,) < f(x;). A function with this prope
over the interval p< x<gq.

If f’(x)>0 in an interval p<X<4.
is increasing over the interval p< X =q-

then f{x)

If f'(x) <0 in p<x<g,then f}(x)‘is
decreasingover p<x<¢.

Maximum and minimum points

YA

]

s

i

i

i
"

P g

(x5 in an

numn point.

If £(x) <0 in ait interval p < J‘r <: q, ;au-tcli
interval g < x <r,then {g,t{g)) is 2 min

If £7(x)>0 in p<X <=4 and (X)) <0@Pg<xT<T7.

1 i m point. ‘
then (g.f(g)) isa maximuoim p @

N ini at x=4g
»(ay >0, then [{; 4s 4 minimum q-
(@) \E@h

If f’(q):O and f @
maximumat x=4.
g;@ﬁ:f(x) has a

1f £/(¢)=0 and £(¢) <0
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To find the minimum and maximum points on the graph of y = f(x):
Step1 Decide thie domain in which you are interested.
Step 2 Find an expression for f'(x).

Step 3 List the values of x in the domain for which f’(x) is either 0 or
undefined.

Step4 Taking each of these values of x in turn, find the sign of £(x) in intervalg
immediately to the left and to the right of that value. '

Step 5 If these signs are — and + respectively, the graph has a minimum point. If
they are + and - it has a maximum point. If the signs are the same, it has
neither.

Step 6 For each value of x which gives a minimum or maximum, calculate f(x).
Example

Find the minimum point on the graph with equation y =+/x + & .
x

tai Hppesia.
. X

Step1 As x is defined for x> 0 but Lis not defined for x =0, the largest
x y .
possible domain for f(x) is the positive real numbers.
_ b
Step2  The derivative f'(x) =—%x'* - 4x72 can be written as '(x) = Iz 28 .
x

Step3 The derivadve is defined for all poéiﬁvc real numbers, and is 0 when

3 : '
x? = 8. Raising both sides to the power %— and using the power-on-power rule,
x=(x%)%= 8%=4.
Step4 If 0 < x <4, the bottom line, 2x?, is positive, anid
x¥ —8<4? —8=8-8=0,s0 that £'(x) <0.
If x> 4, 2x? is still positive, but x% ~8>47 8= 0, scthat §(x)>0.

Step 5 The sign of f’(x) is — on the left of 4 and + on the right, so the function
: has a minimum at x=4.

Step6 Calculate £(4) =4 +% =2+1=3. The minimum pointis (4,3).

N @'
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Exercise #4

1 Foreach of the followmg functions f(x), find £'(x) and the interval in thch f(x) is
mcreasmg

(a) xt =5x +6

() x*+6x-4 ‘ (¢ 7-3x-1*
d 3x%-5x+7

(e) 5x*+3x-2 M) 7-4x-3%"

2 For each of the following functions f(x), find £'(x) and the interval in which f(x) is
decreasmg

(8) x*+4x-9 (b)) x*-3x-5 © 5-3x+%
z . 2
(d) 2x*-8x+7 . (6) 4+7x-25" () 3-5258%
3 For the graphs of each of the following functions:
(iy find the coordinates of the stationary point;’
(i) say, with reasoning, whether this is a maximum or a minimum Pm“t

ex;
(i) check your answer by using the method of ‘completing the square” (0 find the vertex
(iv). state the range of values which the function can take.

2
(@) x>-8x+4 r(b) 3x2+12x+5 “(¢) 5x +6x+3
@ 4-6x-x* () - K +6x+9 O 1-4x-4x

i i d
4 Find the coordinates of the stationary points on the graphs of the following functions, an
find whether these points are maxima or mmlma

@) 2x°+32%-T2x+5  (b) x 33y - 45x+7 (©) 3;3:"-8,:3-:-6;_:2

(d) 3x°-20x"#1 (&) 2x+x*—4x° () x*+3x%+3x+1

(&) x+% A (_hi xtz —I-I%‘:' Fi) x-—— |
X | | : 1_‘_'31“" | (1 x _16'\9 .I

G x-vxforx>0 o & ~-3 |

N P e N O (0) @3 %)

5 A metal baris heated to 2 certain temperatuee and then the heat ¢ is removed. At time

N Celsius, of the
¢ minutes after the heat source is removed, the temperature, & jegrees

280
metal bar is given by 6 = T3 002

100 minutes after the removal of the heat sowci%@@\i |
fonstant rate of 1.2cms™. Atthe
6 The length of the side of a square is inc é;n;%md

. At what rate is the lcﬁlgerature decreasing

moment when the length of the side is 1
(2) the rate of increase of the perimeter,
(b) the rate of increase of the area.

youtube.com/c/Megalecture/
+92 336 7801123




For Live Classes, Recorded Lectures, Notes & Past Papers visit:
www.megalecture.com

Answers:

-3
1 (a) 2x-—5,x;=z§ (b) 2x+6,x7

© -3-2xx%-3 (@ bx-5, 12 2
© 10x+3x2-% (@ -4-6x.x-s’;—-§

2 (a) 2x+d,xs=2 (b) 2x-3,x=5
(c) —3+2x.x$% (d) 4x-8,x=<2 ’
(e) 7—41,13% (H -5-14x,xZ-7
(@ () (4,-12) (i) minimum (iv) f(x)=-12

: ‘(b) () (-2,=7) (i) minimum (iv) f(x) = ~7

© @ (-24) (D) minimom () €(x)> 5
(d) () (-3,03) (Gi) maximum (iv) f(x)=<13

) (i) (~3,0) (i) minimum (iv) f(x)=>0
® @ (-42) (@) maximum (iv) () <2

4 (a) (-4,213), maximum; (3,~130), minimum
(b) (-3,88), maximum;(5,~168), minimurm
() (0,0), minimum; (1,1),neither
(d) (~2,65), maximum;{0,1), neither;

- (2,-63), minimum :

(e) (—% ,—%), minimum; (%*'.I)* maximum

(f) (-1,0), neither

(g) (-1,-2), maximum; (1,2), minimum
(h) (3,27), minimum

(i) none

0 (%;%),minimum

(k) (6,-1—12—), maximum
M (-2,17), minirum
(m) (1,3), maximum

(n) (-1,-5), minimum
4 3% ) maximum

(©) (0,0), minimum;(%,57 %
\
@ Q;

5 (@ 48ams? () 2emls! ‘
¢ @ 240mm?s~  (b) 2400 mm? s~ d-)
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First translate the infonnatlon into a niathematical form.

Let V
f seco:lds :: :—:e vohmme of the balloon, and let r metres be its radius. Let
¢ time for which the balloon has been inflating. Then you are given

| %4
that — = — )
dr- Sand r =4,and You are asked to find % at that moment.

Your other piece of information is that the balloon is spherical, so that V = % mr’.

e Ko solving l;he problem is to use the chain rule in the form

dv dedr
dr dr- d:

dVv .
You can now use — =477 Substituting the various values into the chain rule
formula gives

5=(amx4?)x ¥
dr-
5 S
ing thi i & — _—_,sotheradiusis
Therefore, rearranging this equaticn, you find that ' P

; . S5 _
inrreasing at ——ms™'.
T

Example R
The surface area of a cube is increasing at a constant rate of 24 cm? s~ Fnd ¢ ra

which its volume is increasing at the moment when the volume is 216 cm’

2
Let the side of the cube be x cm at time £ seconds, let the surface area be Scm

and let the volume be Vem?®.
| 3 gs dtoﬁndgzwhan V= %
Then S=6x>, V=1x andgf—=24,andyounee o find —- when . @\

which is when x° =216, 0r x=6.
if you know 8 and want o fingd V yeu need to find x first. Similarly, whe@w know

dx .
av you shouid expect to find % first. §
dr t

a3 and want to find
i dv _4V dr o020 so.wﬁ &6 B
From the chain rule, — = —E;K 5 3 _ S ar
dx
— =1 Substituting
Butf‘.‘s__g._sx——=12x-— 3024 (12><6).g1vmg = 5

dr dx df
14 108-——93[%& ng\osxg =36.

this in the equation Ty =

Therefore the volume is increasing at & rate of 36cm’s™
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Example

(x+1)% .

Find the minimum and maximum points on the graph of y=
The function is defined for all real numbers except 0.

2 . | .
(x+1)% s +2x+1_ g4 xt,

To differentiate, write

1 _#-l b ~1=0,0r x=4,
5 5 . ngcsx

2 e
The second derivative is gx—y =21 = —5- This has values —2 when x=-1,

and 2 when x =1. So (~1,0) is a maximum point and (1,4) is 2 minimum point.
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‘ Rate of change

Exercis
e#
g O cach_of l-llm following equations .
x is 2 units 7, find the Fate of chn. connec

(@ y=3-1lx=2

ch ting x and y, if the rate of change of
ange of y at the given instant.

; (b) J’=Zt’+~1r-:x=1

€ Y= grgria=2 -

@3 @ y=(r-5fx=t

€ y=x"+2y=10

® v . 73y=2
2. For each of the followin "

¥ 1 .
is 4 units 57, find the r S connecting x and y, if the rate of change of y

ate of change of x at the given instant.
3 2
(@ y=X-25x=3

(b) y= f’fx:x: 2

(© y=42x+7:y=3 d) y=x(x-4),x>0,y=5

3. The radius of a circle increasds at a rate of 2 cm s~'. Find the rate of increase of its
area when

(a) the radius is 4 cm, (b) the area is 91 cm’.

4. The area {?f a circle increases at\a rate of 2 cm® s™', Calculate the rate of incredse
of the radius when the radius is\6 cm.

5. The radius of a circular disc increases at a constant rate of 0.02 cm s™'. Find the rate
at which the area is increasing when the radius is 10 cm.

6. A circular ripple spreads across a lake. If the area of the ripple increases at a rate
of 10r m’ s, find the rate at which the radius is increasing when the radius is
2 m. .

7. The radius of a sphere increases at a rate of 2 cm s, Find the rate of increase of
its volume when the radius is 3 cm. _

8. Air is let out of a spherical balloon at a rate of 300 cm’ s~ Find the rate at which Q%\
the radius is decreasing when . . @
(a) the radius is 2 cm, (b) the volume is 36m cm'. - @

9, The area of a square increases at a rate of 10 em” s~ Find the rate of chang:@%ﬂfe

. : : 2
length of its side when the area IS 4 cm”. A(@
eat. At the instant when the leng @fsan edge

panded by h
ic cube is increasing at the rate of 0.012 %pcr seco?gj .

. : . B
of the edge increasing at this msmnt.,&
reasing at 0.2 cm’ "' Find the! gate of increase of

10. A metal cube is being ex
is 2 cm, the volume ot th
At what rate is the length

a cube is Inc

of -
11. The surface arca ¢ length of a side 1s 1 cm.

Y
the volume when th @ ' '
i S\ + L. Given that x is
12. (a) Variables x and y are connected by the cquatmr@\; i Given
a) Van
| ol i i 2.
. of L unit s™, find the £t of increase of y when x
A th 2 Cm@?g 3y cm. Given that the area is
: 2x b . .
(), -A-rectangle has Sldesf gg 1::1% ¢~!. find the raie of increase of the perimeter
te 0 ,

increasing at a ra v
when x = 3.
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Answers
i its s~

1. (a) 24 units s~ (b) 6 un )
(d) 30 units s (e) 24 units 5™

H |
2 (a) 5 nits s (b) -;- units s (¢) 12 units §°

1 r
3. (a) 163 cm* s~ (b) 12m cm? 5! 4. zcms .
75
6. '2'2 m s~ 7. 2x cm’ 57! 8. (a) e s!
9. 2 cm 5 10.0.001 cm s 11. 0.05 cm’ 5

12. (a) 42 units s~ (b) 10 cm s~
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Application of Differentiation

Exercise #6

For each of the following expressions, calculate the value of x which gives y a

1.
slfmonaw value. Determining whether this value of y is a minimum or a maximum.
Give JOUE SIRYS Saimetn 3 significant figures where necessary:
(ﬂ) )':2."_8.\‘4-3 (b) )'=Xl+(2«t'-|)2
8 = el &} (d) y=2mx-(x- 2y
. 2 Find the statiomiry values of the following functions.
@ y=K&-2)+3 B yie (e D ED
(€ y=Xxvyl-2x il gt
) r+1
3 f2x+y= 10 and A = xy, find the i valoe of A.
& 'Two Pzanesx and y vary in such a way that x + Y = 2. Another variable 2 i
that make z @ minimum.

defined by z = ¥ + y". Find the values of x and y
5. The positive variables x and y are such that X'y=32.A third variable 2 is defined
by z=x"+ Y. Find the values of x and y that give z a stationary value and show that
this value of z is a minimum.

A rectangle has sides x cm and y cm. If

the area of the rectangle is 16 ¢’ show

; : o X
that its perimeter, P cm, is given by P=2x+ lf Hence, calculate the v

show that this va

e 80 m, calculate the

alue of x

luc of Pis a minimum.

which gives P a stationary value and
maximum area.

2. If the perimeter of a rectangle is to b
. ycm
g. A piece of wire of Jength 104 cm, is bent to form 2 \
trapezium as shown in the diagram. Ex’prcss y n 5ccm \5.»: c:%
terms of x and show that the area, A cm:, er?closed / \©¥
by the wire is given by A = 208x - '20.\": Find the m
1 1 m.
value of x and of y for which A is a maximu 1 | o -
¢ area of 1.08 m~. The dimensions %\g’@ block

angle block has a total surfac
volume of

9, Arect ,
_ 108 -4x ence expres
are.rm,?.xmandhm.ShowLhath--Tandh - p&L m
the block in terms of x. Find the value of x that makes thxs& me a m.mmu( Cj
' imum is not required.)

tis a max %}s
- (ABC 18 right—angled at B,

i . oular prism, (e triangular base@pL 2 :
s mﬂﬂai 12 pcm The sum u;‘ the le f\é of all its edges 1S 180 cm.
AB = 5x cm and BC = 12x cm. The SU%. ' © e e - S
(a) Show that the volume, V ent, 15 given *nﬁy@?w e .

(b) Find the value of x for which V has 2 m@)ﬁmun alue.

(Proof that i
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Answers
1. (a) 2, min (b) -i-' min. (c) 0.144, max. (d) 5.14, mayx,
" g ; » .
: = i) =L,
2. (a) 3 (h)—ﬁz (c) Wi | (d) %
3. 125 d.x=1y=1 5.::2,)':2 6. 4
7. 400 m? 8.y=52-8x,x= 52, y= 10.4

9. -;:;(1.03 ki), ¥ 03 10, (b) 2
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Past Paper Questions

i The equation of a curve is y = /(5x + 4).

() Caleulate the gradicnt of the curve at the point where x = 1.

(3]
(1) A point with coordinates (x, y) moves along the curve in such a way that the rate of :ncrcasc of x
I:'lf ‘Ihe constant value 0.03 units per second. Find the rate of increase of Yy at the instant wh;;
: k
5 A curve has equation y = ~- Given that the gradient of the curve is —3 when x = 2, find the value of
the constant k. 131
’ i 8
The equation of a curve is y = 2x 4 =
s 2
(i) Obtain expressions for d—" and ﬂ 3]
dx?
(i) Find the coordinates of the stationary point on the curve and determine the nature of the stationary
point. (3]
iif) Show that the normal to the curve at the point (2, ~2) intersects the x-axis at the point (~10, 0).
( poims (3]
(iv) Find the area of the region enclosed by the curve, the x-axis and the lines x = 1 andx=2. [3]
. The equation of a curve C is y = 2> — 8x+9 and the equation of a line Lis x+y = 3.
(i) Find the x-coordinates of the points of intersection of L and C. [4]
(ii) Show that one of these points is also the stationary point of C. Q} (3]
: } ©
A ©
/ p = - G + Ox &%
0 i Ea @@
£
N _ _
The diaeram shows the curve y = x° — 6x” + 9x for x 2=0:The curve has a maximum point at A and a
minjmuc;n point on the x-axis at B. The normal to th‘% rve at C (2, 2) meets the normal to the curve
at B at the point D. é
(i) Find the coordinates of A and B. @h 31
(i) Find the equation of the normal to the curve at C. 3]
(iii) Find the area of the shaded region. [5]
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A solid rectangular block has a square base of side xcm. The height of the block is /1 cm and the totg

surface area of the block is 96cm?.

3 . ']
(i) Express 4 in terms of x and show that the volume, V.cm®, of the block is given by

V=24x —Jz'.lj- B3]

Given that x can vary,

(ii) find the stationary value of V, (3]
(ifi) determine whether this stationary value is a maximum or a minimum. [2]
A curve has equation y = 3 8 7 and P (2, 2) is a point on the curve.

x —

(D) Find the equation of the tangent to the curve at P. (4]
(Ii) Find the angle that this tangent makes with the x-axis. (2]
The equation of a curve is y =4 /x + \%

X
< . ; dy

(i) Obtain an expression for 5= 3]
(ii) A point is moving along the curve in such a way that the x-coordinase is increasing at a constant

rate of 0.12 units per second. Find the rate of change of the y-coordinate when x = 4. [2]

The volume of a solid circular cylinder of radius rcm is 2507 cm’.

(1) Show that the total surface area, Scm?, of the cylinder is given by

00
W0y 7008 2]

=
(i1) Given that r can vary, find the stationary value of 5. [4]
(tif) Determine the nature of this stationary value. [2]

A curve has equation y = 2 + 322 = 9x + k, where k is a constant.
, Y dy

(i) Write down an expression for = [2]
(ii) Find the x-coordinates of the two stationary points on the curve. [2]
(iii) Hence find the two values of k for which the curve has a stationary point on the x-axis. [3]

A solid rectangular block has a base which measures 2xcm by xcm. The height of the block is y cm

and the volume of the block is 72 cm’.

(i) Express y in terms of x and show that the total surface area, A cm?, of the block is given by

)
A=dfe 2t 3l

Given that x can vary,

[3]
[3]

(ii) find the value of x for which A has a stationary value,

(iii) find this stationary value and determine whether it is a maximum or a minimum.
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X

0 Write down expressions for -g! and dzy
de " g

B |
(4]

an) Find the volume of the solig form

ed ; )
linesx=1landx =2 s rotated cumplg:;;"nltt‘:ul;eglon enclosed by the curve, the x-axis and the

the x-axis. (6]
13

12em

-~ tm—a

The diagram shows the cross-section of a hollow cone and a circular cylinder. The cone has radius

Gomm B hf:ight = ¢m, and the cylinder has radius rcm and height /i cm. The cylinder just fits inside
the cone with all of its upper edge touching the surface of the cone.

() Express I in terms of r and hence show that the volume, Vem®, of the cylinder is given by

|
V=%~ - 277" Bl
(i) Given that r varies, find the stationary value of V. [4]
6
tionofacurveisy = .
14  The equatio isy 5 @@
(i) Calculate the gradient of the curve at the point where x = 1. @L\‘/ 3]

(ii) A point with coordinates (x, y) moves along the curve in such a way( &Dﬁhe rate of increase of
y has a constant value of 0.0 units per second. Find the rate of in%%se of xwhenx=1 [2]

1{>
(iif) The region between the curve, the x-axis and the lines x = R:%\(d?t = 1 is rotated through 360°
about the x-axis. Show that the volumie obiained is 2. % [5]
: g 293 . O
The equation of a curve is y = (Zx 3} - (ix. (}

[
y d%y ©

15

d . i.l
(i) Express —— and —-); in terms of x. y \@\/’ [3]
dx dx* S
(ii) Find the x-coordinates of the two statior@ygoims and determine the nature of each stationz{n;}]'
point.
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16
Trcm ..
. . i< bent to form a square of side xcm and ¢
: i jeces. One piece I f th
g 4 r:-mbzr:gl;)lgoc:': ::n::?uszuogradius rcm (see diagram). The total arca. of the seiare ang the
other piece 15
circle is A cm™.
(7 +4)x* — 160x + 1600 ”
(i) Show that A = . ’
: i lue.
(i) Given thatx and r can vary, find the value of x for which A has a stationary value (4]
1? \‘{ b =xi—dx+ 7§
2y=x+3
B
A
7
a g

18

The diagram shows the line 2y = x+ 5 and the curve y = +2 —4x + 7, which intersect at the points

A and B. Find

(a) the x-coordinates of A and B,

[3]

(b) the equation of the tangent to the curve at B, [3]

(c) the acute angle, in degrees correct to 1 decimal place, between this tangent and the 11[1;?

2y =x+3.

©

The diagram shows an open rectangular tank of height & metres covered with a lid. The base of the
tank has sides of length x metres and x metres and the lid is a rectangle with sides of length 3 metres
and %x metres. When full the tank holds 4m?® of water. The material from which the tank is made is
of negligible thickness. The external surface area of the tank together with the area of the top of the
lid is Am®.

3,2 24 (5]

(i) Express / in terms of x and hence show that A = 5x* + -

(ii) Given that x can vary, find the value of x for which A is a minimum, showing clearly that A i[SS?

minimum and not a maximum.
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The equation of a curve is y = /(8x — ). Find

19
(i) an expression for %. and the coordinates of the stationary point on the curve, (4]
. -axis is rotated throu
(i) the volume obtained when the region bounded by the curve and the x-axis is 10 [34]}
360° about the x-axis.
& B X 2em o~
om Playground
Y
xm
A ; — Points
) =60m. ol
i . -h AB=40mand AD = -
e diagram shows a plan for a rectangular park ABCD, in which LA A nd a triangular
X 7 i XY and YA aré P
x and Y lie on BC and CD respectively and AX, bl
playground. The length of DY is xm and the length of
(i) Show that the area, A m?, of the playground is given by o
A = x* — 30x+ 1200.
(3]
ini round.
(ii) Given that x can vary, find the minimum area of the playg
21 ¥
73
5(0,12)
R
S
g int O lies oS between
g .1t (16, 0). The point Q : e nd
is i , 12) and T is the point ( - ot el
In the diagram, S 15 t}.m po?nt {01) '1)'113 points pP and R lie on the x-axis and ) S
and 7T, and has coordinates (X, Y)- @
OPQR is a rectangle. N o o
A, of the rectangle OPQR is given yA= @.
(i) Show that the area, £ s /"g f - [4]
ete .
that x can vary. find the stationary value of A an @ﬂ\flg
(i) Given that X )
5 G
22 Acurve has equation = 3 - 2" N 2]
&
o 9: ¥ . ate is increasing at 2
dx _ through A, the x-coordinate o
his curve. As the point passes g A e of 0.4 units per second.
A point moves along t snd and the ),_cm;dinate is increasing "
rate of 0.15 units per s€c0

(ii) Find the possible ¢-coordinates of A-

youtube.com/c/Megalecture/
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Answem !
i) 0.025 units/: .
g () g () 0025 unitheo 21 (i) o !.
~ 48  statlopary value of A is a maximum ||
k =12 24 P
2 . N 22 Iy TR (i1)+ 0 or 3.
3 [i) 2""_'\'5' :-;I- (H) (2- 6) mimimum 23 (Ii) ]ég c‘lﬂﬁ_l
(i) (=100 (V) 7 sq. units u "F:E_:T)’ (i) "Ex_ﬁ—'l_)" <0 (jv) 0.04 units/sec

4 (i) x=2 i3 (i) @0

5 ()40 9BG O (i) 3y-x=4 (i) 2L oy
(i) 1155 wnit®

¢ (i) o (iii) the stationary value is a maximum.

g 0 _2-5.;1 (ii) = 0.105 units/sec

g (i) 471cm® (iii). minimum value,

10 (i) 3¢ +6x=9 (i) x=1, or x=-3

(i) k=5, -27
I

11 (i) =x=3 i
12 {i)=2+-—;’; (i) (1, 3) (iii)s minimum (iv)- 1417
13 (ii) +64 ©%

N . _
14 (l}.s. (ii)=0.015 units/sec ©
15 () : 24253 (i) x=1 and x=2 05\(%

at x=1. the stationary point i$ a maximum point.

at x=2. the stationary point is a minimum
16 (i) 112 em a&z |
| @k

17 (E] x-coordinate of 4 is: x=

xcoordinate of B is: x=3 @@

(b) y=2x+2=0 (c) :30.8°

@\
18 (i) 4 isaminimum at x =2 ©

b |

19 () - Usi% @ 4 (ii) 85-;-z units®
20 (i) 975m?
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INTEGRATION

T g

and Integrate (ax+b)” (for any rational excepy
-1}

Syllabus:
Understand integration as the reverse process of differentiation,

Together with constant multiples, sums and differences:

Solve problems involving the evaluation of a constant of integration. e.g to find the equation of the curye throug

. dy
1-2) for which — = 2x +1
(1-2) for whi I

1
2 T -2
Evaluate definite integrals (including simple cases of ‘improper’ integrals, such as J: x *dxand J: X “dx);

Use definite integration to find.
The area of a region bounded by a curve and lines parallel to the axes, or between two cUrves.

A volume of revolution about one of the axes.

INTEGRATION

In the process of differentiation, if y = lx2 +k, where k is any constant, then dy/dx = x. This means that for an,

1
curve define by y = —x*+k have the same gradient function dy/dx = x.
Conversely, for gradient function dy/dx = x. The equation of the curve is of the form y = — x*+K. this process s of
the reverse of differentiation and is called integration, where K is any arbitrary constant and known as the constant of

integration.

Indefinite integral

1 - : .
There is an arbitrary constant ‘k’ in the expression EIZ +K, which shows that it is not a unique function. That is

why the expression is called indefinite integral.

1
i.e.i lJc2+K E = f xdx=—x*+K
dx\ 2 2

Power rule of integration

In general if n # -1, a and n are constants, then f ax" dx =

integral of (...) w.r.t x.

youtube.com/c/Megalecture/
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integration reverses the

An process of differentiation. For a function f(x),

S(x)+K we  have

K

R grating 2 oSNt € fdlds(c)= e thus
’aiﬂ

I cdx==cx+k

n of sum and difference function
Integration is distributive in case of sum or difference of functions:

_ I (3x+b)dx=_[ axdxif bdx
Lie

ij_ﬂl
in general if d/dx F(x) = (), then the change in F(x) when x changes form . to bis

b

f f(x)dx

a

£ (b)—F(@) = [F(X)T"s

= _T f(x)cix=F(b)-F(a)

a

the curve and axis (Shaded area):
area between

imi i -axi m x=a to x = b is. Area under the
If 3’ and ‘b’ are the limits of region under the curve on x-axis, then area fro

, i
b f(x)dx where f(x) >, 0 fora<x<bi.e. The curve lie upward to the x-axis. F (x) < 0 means t@kﬂ curve lie
cunve = I [

’ ©

b
osed by the curve and x-axis form x=a to x=3{;@€a = ! — f(x)dx

downward to the x-axis. In this case the area encl

| wheref{x) <0 fora<x<b. &@@@

| Areabetween a curve and y axis

Area bounded by the curve X = h(y

o
), the y-axis and the linesy=ato y@@wgn y

F

&
ﬁf&a=jxdy where x>, 0fora<y<b @}@\O;
| &

Ofora<y<b
" rd a:j — xdy wherex<
k<0 means that the curve lies in 2™ or 3" quadrent then are a

youtube.com/c/Megalecture/
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Area between two curves
g (x) Is the equation of below cUrVe of the region and ‘y ang 1
are

If y = f (x) is equation of upper curve and y =
the limits of area on x-axis then

® : x) f
Area bounded by the curves = I(f(x)-—g(x])ix where  flx), 28 o or the inte"‘lal

a< x<b.
d by finding the points of ;
mtersecﬁcn

If limits of bounded region on x-axis are not given, then limits can be foun

of line and curve of two curves.

Volume of revolution about -axis

If y = f(x) is the final equation of bounded area and ‘a’ and ‘b’ are the limits of required region on X-axis, The
n

b
volume of rotation about x-axis = f yidx. 106

a

Wherey = f(x) and a<x < b

Whenx=h (y) andy=a andy = b are the limits on y-axis

b
Then volume of rotation about y-axis = & J‘ x*dy.

a

Equation of curve
nd

To find equation of curve always integrate its derivative. First separate and then apply integration on both sides. To fi
value of integration constant, put coordinate of the point lie on the curve in the equation and then put that value of
integration constant in final

P

e

7D
59

-. youtube.com/c/Megalecture/
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fs(ax-l-b)dx-.l.f(g”)” where f(x) is the simplest integral of g(x).
Enmpl_e:
Find the integrals of (a) V5-2x, (b) - -

(3-x)
f(s zx)id"h"(s 2x)l+k

A=

"fﬂx 1
,[(3 x) J.(3 x)2 d""—[x 1(3-x)"+ k -———3_x+k.
Example |

ﬁ,(164(2x+l}‘]u |

=[16x-% (2x+])’] :

= (16x2-h{ax4+1)2)-f6x(-§)-5(x(3+ )
_(8-mx 25)_(_24 10):(-2]3)
=43-(-208)=256.
Example | N |
The graph of y =f(x) passes through (2,3),and £/(x) = 6x* - 5x. Find its equatiof.
The indefinite integral is 6(%;3}-5(%x2) +1k 50 the graph has equation
' 3«:2.7:3‘—-%.1:2 +k

| for some constant % . The coordinates x =2, y=3 have to satisfy misequm@g\\go

3=2x8-Sx4 +k, giving k=3-16+10= -3.

Y%
, a 5.2 Q/@
The equation of the graph s therefore yu2elwgx =3, %

$
N
&
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Practice Questions

Exercise #1
1. Find an expression for y if % is each of the following:
2 [
@22 M5 @ @-x © 75 O

2. Find an expression for y if % is each of the following:

(a) 6x+3 (b) 4 (c) 3x(x +2)

2x’ +3
@ G-DE+2) (@) @2+ M =7
3. Integrate with respect to x.
1 x4+ 1
@ X+~ ® S
© 3-4x @ Jx(Jx +3
4. Given that a and b are constants, integrate with respect (o X.
(@ ax+b (b) a-bd
5. Find
4 1
(a) J'(z + 4x - 3x%) dx, (b) I[r = ;r) dx,
2 x+1
(c) J'(Zx— Vx)* dx, (d) I_\,;- dx.
6. Find the equation 01; the curve which passes through the point (2, 4) and for which
% = x(3x - 1).

7. Find the equation of the curve which passes through the points (2, -2) and (4, 2)
and for which % = X’(x = k) where k is a constant.

8. Given that the gradient of a curve is 2x + % and that the curve passes through the
X

point (-1, 5), determine the equation of the curve.
9 Integrate with respect to x.

(@ Bx+ 1) () (1 -2y (e} (2x+ 5y
2 1
(d) \l'ﬁ.t -1 (E) m (f) ﬁ
'3 4 i 4
10 ® 5(3x = 1)° (h) 346x - | ® [1 - Exj N
Find
11

@) _[(1 _xfdy, (b) _[ 32c-52dr, (o) I(TzT dv,  (d) IJ4r—ld:.
-X

Given that % = (3x - 2)* and that y = 0 when x = 1, calculate the value of y when
x=15. ‘

12. The gradient of a curve is 6(4x — 1)’ and the curve passes through the origin. Find
the equation of the curve.

youtube.com/c/Megalecture/
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Answers
= = 2
1-(‘))‘ 21“‘"( (h)yg_sx_',c (c,y-%xi+c
1
@y=7y+*c @ y=4aJx +¢ ; (M"T&f”
2. @y=3"+3x+c ®)y=4dx+c @©y=x+3f4c
1 1
@y=3F+3¥-A+c (@y=x+xsc (ny-h-%f‘

lxa_.]..+ 1 1 5 2 I ;4"
3@ 3 g = "’)?"'"2:"‘!-‘ (¢)3x—-3-x’+c (d)i.t’+21

1
4 (v) zac+br+c (b)a.x-—%bx’+c

s 2 3
5. (8) 2+ 27 x4 ¢ (b)-}x’»elﬂ (c)l;-.r‘—%x’-f%x""‘ (i)t &
X

3
=g -—=+1
6y=x - 382 Ty=ga-5+2 .y=+#-7
l ‘2
——e S tF
? (a) %(3x+1)5+c (b)—%(l—x)‘+r: (©) -7 ¢
y 1 2 1 -' M- 3-2x t¢€
(d) 3(6.!-—1)2 +c (e)_21-7 +C ‘Ja
(g)———]—(+c (h) i-\hfut—l +C (l)'i'_—'i';""
25(3x = 1) 9 1 );
: ) g4 - 13 *¢
10 @-101-0"+c  ® Lar-spee @I te 6
1 P
11 1.625 12 |y= E(4x-1) b
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Exercise #3

1 Integrate the following with respect to x.

) (hfl)‘ ® (3x-5)* © (1=7x)° (@ (5”,)10
© G427 ©.20-3? @ (ﬁﬁ; o) m

@ IO+ [ s<pen 2)’ ZJ'L
i x ® Tl (k) (T'H ) ® 2+6x
2 Evaluate the following integrals,
5. ; 5 3 3
@ f 2-1’dx (b jdz ~Tdr j rds (@ J“ﬁz’
: (2x-1) (b) v | ©) 1 (x+2)? = 1 (x+2) "

; P
3 Given dm-fm(tlx—-j]‘ dx =51.2, find the value of p.

4 Find the following indefinite integrals.

(a) fx—ﬂdx N . ® J.(xz-i)dx S @© f Vx dx
(d) fﬁxidx (e) J'Gx "'5 - J.;;l;dx '
S Evaluate the following definite integrals.
’ - 23 4 10 .~
(a) fo 12%/x dx (b) j —fdx (c) f
2 -
8 4 zf = J‘ { s -
@ fl (G4 )as ) f ® | s
6  Find a general expression for the function f(x) in each of the following cases.
() fi(x)==x7 ®) f(x)=3x"* (c) f’(x)=x£3

| e __1 ’ =l__l—_ ’ =£_ 2
@ fx)=4x-3 © )=~ ® FlR=-2

7 The graph of y=1(x) passes through (7,5) and '(x) =-—‘-§- . Find its equation.

8 A curve passes through the point (25,3) and is such that d_ —T . Find the equation of

the curve.
. . . ; dy _v— 6 .. tion of
A curve passes through the point (1,5) and is such that el X -3 . Find the equation

the curve,

youtube.com/c/Megalecture/
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Answers:

1 @ (2x+1) vk
© -o5ll=7x)* +k
(&) -%(5x+2)?+4
® -3+ 4k
® Z00x+1)d+x
®

2 (a)
3 225

© 2xVx+k
5

Ttk
& -3

144 () 13
' 6%' ) 16

1
-tk
@ -+

©) 1z

i 2 2 3
() gk +k
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® L(3x-5)+k

@ -131:(-;-';:+1)“+k

@ F(1-35)" +k

) -L(ax+1)7 +k

G V2x-1+k

1) lg(2+6x)*+k
A

) 1
1,302
(b) 3%°+_*k
@ BxP+k
@ 24x+k

(c) 20

(.3
1
(b) -;i'”‘

@ 2 +24k
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Exercise #4

. Evaluate the following definite integrals e P
© )2* dx

3
(a) faxdx (b)f dx
| »

@ [ © [+

2. Evaluate the following definite integrals
r(3f -2+ 5y dx

(4] xJx dx

() 12=
(f) 28—
(f =31

1
f)-3 S

@ | (8- 4) dx ® |
i -y ) .
© f‘(éx—SJ;)dx (d) f( T
1 . :
= 7% dx
@ f (- ) ax (f) f & )
3. Evaluate the following definite integrals. 2
vdl )(x -2)dx
(a) fx(x’-z)dx | ® | (x + 1)
9 o4 _ dx
() fx(x—l)(x+.2) dr (d) ), Jx( Jx)
';: -l _ d.r
© [ Fer-9w ® | #e-3)
1 X
4, Evaluate the following definite integrals.
' 241 (b) j 1-2x 2.1'
X
) [ (o i zJ_
© [[2le @ [ e
C ] X |2 o 3}
(e) 3 ] - 41'34' 13 dr - (f] I ,(r_+";{*:--— dx %
- RN N
Answers R L
] I 1 .
1 (3)31% ®17; @2 @ — ©
2 I
2. (a) -8 (b) 7 (c) 31 (d) > (e) 3
3 2
3, (a) 0 ®-11 @13 @22 @2
il !
4 @33 ®-235  ©73 @ 0 ©-3
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Past Paper Questions
Differentiation&Integration

A curve is such that -g:—:: = 3;* = 6 and the point (9, 2) lies on the curve.

4]
1 () Find the equation of the curve. e
determ
jiy Find the x-coordinate of the stationary point on the curve and de 31
stationary point '
the point
. : D = L Given that the curve passes through
2 The equation of a curve is such that E'T(ﬁ:_ﬁ'
P2 11). find »
(i) the equation of the normal to the curve at P, g
(i) the equation of the curve.
dy 3 < ies on the curve.
3 Acurveissuchthata'=_._5“+u} and the point (1, 1) lies .
(i) Find the equation of the curve. I 1
i i curve is less than 3-
(ii) Find the set of values of x for which the gradient of the
dy - i int on the curve.
Acunrcissuchthat$=.‘?;._1nndp(9_5};sapon “
4
(i) Find the eguation of the curve. -
i i curve.
(iiy Find the coordinates of the stationary point on the .
; int.
d’y i ne the nature of the stationary poin
ij) Find an expression for — and determine _—
- - i itive x-axis. Fin e
¢ P makes an angle of tan~" k with the positt 2]
i the curve at I
riv) The pormal Lo
ort i int at (2, 12)-
: i d’y _ _4v. The curve hasa maximum point 2 (
/. curve 1s such that d:i o
1) Find the equation of the curve. R /.’P%OS -
along the curve in such a way that the x-coordina
4. point }; moves along % .
p;rscr:ﬂn - ' hnx:lstatingw et the y-CO rdin e
i ’— rdinate is changing wine \l@ [
at which the y-€00

ji) Find the rate N
= is increasing or decreasing.- @@1

1 _é _ D
is such that f'{x} = 37 + 3x 1&

- hich the curve ¥ = f(x)
xi, or otherwise, find the \f;&f xforw %

b A curve has equation » = f(x) and

(i) By using the substitution & =
has stationary points.

i [3]

% . [ 1
e i a lﬂd f(X). I
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The equation of a curve sy=5=7"
hcﬂm tl'l.'. curve hu .
jon for dy and determing, with a reason, W 0y sy
points. ]
d by the curv
(i) Find the volume obtained when the region pounde

-axis.
& h 360° about the x-a% - .
line x = 1 is rotated throug -+ K intersects the curve at two disting, ]
r which the line y T

f k fol
(#if) Find the set of values o ' ey N ) .
A ¢ has equation y = f(x). It is given tha
hich f is an increasing function.

13
lhﬂ cwfdjnﬂle m' m

(1) Find the set of values of x for w

d f(x).
i the curve passes through (1, 3), fin )
(i) Given that the p ' £'(x) = 2x — 6. The range of the function js given

A function f is defined for x € R and is such that £'( by

f(x) = —4.

. e.
(i) State the value of x for which f(x) has a stationary valu 0]

i i in terms of x. [4)
iﬂ::\:‘;in;‘;r:::l:z;:oﬁ:y point at P (3, —10). It is given that £'(x) = 20 + kx - 12, where is‘
a constant.

() Show that k = —2 and hence find the x-coordinate of the other stationary point, Q. 4]
(i) Find f”(x) and determine the nature of each of the stationary points P and Q. 2]
(ifi) Find f(x). 4
A curve is such that . I

gﬁ =2(3xr+4)°—-6x—8.
(i) Find % 2]
(ii) Verify that the curve has a stationary point when x = —1 and determine its nature. 2]

(iii) It is now given that the stationary point on the curve has coordinates (-1, 5). Find the equation |
5] ‘

of the curve.

=
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o’
2=54-54
g 0% e 9 |ms
v (D 4] Mmtmsen f(x)=x' ~63+5
7 'y_.||=-%(r—2) 10 x =-2, (Allow also = 3)
N, ‘(x)=4x-2
'y = 3'3.-2*.3 e ;‘g]):vohcnccminatp
",-_:.-39—‘_-—:-"'&_'4-(::) f(~2) <0 hence max at
3 swa, 02 (i) f) = 32—+ 1250+
_;;g.___-é-+c=c=l oty

"(x)=[9] x [(31 i 4)'}] - [6]

2(>)9 or 4x°-
o QL 11 M f

<2 ISW w
x>l 2 -3 > (0 hence minimum

4 y:4‘\{;'—"x(+c] -1
Uscscg‘sjinmi] ,Cs—ls
—C=
n\'"'=4»y =6

) 3

Y. 7 o vems
t-i)_d.l'—:—x —-Y€ Max
k=3
:.—#_2-;14-8:: (+0)

5 ¥

4
_, decreasing at 0.5 units per second

b ﬁ:%or?’ %
|
.J;:-g- or9 @@

4 :
:-9—) )O—)hffln

3 L) .
(i) fix) = zr'l_.}.ﬁx: —10x (¥ ¢)

—16+12—-40+
_76 ':156 12 c @@
: %

7 ——#0. No turning poInts.
2-x) @@’

i 81z (or 127)
2

LA

g anee = prensasns
ks, b4 @g@
; x<—‘513,x>1

fry=x'+x-5x+6
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Area under A Curve

Animpmtnntlpp!laﬂonoflnmﬁouhhﬂndingtbc area nndm'ngiunm
y=fle).

A=[ f(x)dx | area bounded by y=Hx) x=8 x=band x-mds | ...

)

0 i=a x=b

Ifgggiﬁbdm?ﬂw;nmh

I';&-=ff(.f]dx or Er(x)d:,“ wga'ﬁ;m;san'mmm

\ oyt
= I

a b

Z

=

If area is both above and below the x-axis:

A=B e ] wwwmmbﬂm
?*P- 7,,(,[]‘ Q %
Py— &

=)
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A= dx -
l:f(x) I:B(.’.’)d’_‘_ :t'muum:“.ohm
"c[f(x)-g(x)]d; | area of higher curve
less area of lower curve

4 |
: o y=gl=)

.
- .
LI T
I i '
-

y

0 b

If.;lrg_ is between a curve and the y-axia:

iy

j_A=!fx,Fb' or (¢ gly)dy | cand dare imits on y-axis and the curve

“‘“““W"’"”.’“".”‘gm
T . o '.
AN
o 7 ~*
&
&
,@@@
&
@®
O
@4@@
@
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1 e roghon Ts 61 e WA 840 of yuasie, you need 10 interchange the mits.-

Example

The curve (y~1)" = 244 meets the y-axis at A and B, Caleulats the area of the region
bounded by the curve and the y-axis.

(r-1) =x+4
A
At'x-o','(y-;)’.vg“ T
-- (y-l)"--(
y-1=20r -2
" y=30r -1

« Ais(0,8), Bis(0,-1)
doa-[, 4
=L{: (y-IJ’-.mf Lo B'(y-1~4ay | -
A arse
fer-]| \
-4,(9'_9“",9?‘(‘31'5_1;?‘1—
+#

2

103 anin® Ghne A
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Application of Integration

Exercise #1
1. For each of the following, find the shaded area.
y
| (a) 3 (b) 'v

yY=x(4-x)

X

2. For cacthf the following, find the shaded area.
(a) [ (b)

3. Find the area bounded by the following:

N
3, x-axis.
(a) J’=XJ:I=2,I= 3, x-axis (b) y-'-—x.-l): .
alculate the
* For each of the following, find the -coordinate of the point P and c
area of the shaded region. s %
¥ ] ’ ©
y

5 The dlagra.m ShOWS a shaded regi

y = Iz 1] y =
shaded mglon

on bounded by the ¢
2 and the y-axis. Find the ares

N
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6  The diagram shows part of the 7 The diagram shows part gf lh;
curves y = 2¢ + 3 and y= 3 4 2, curves y = *r - 4x + o

intersecting at (1, 5). Find the area y = 6x = 5 = X, intersecting at the
of the shaded region, points A and B, Calculate

y

(a) the coordinates of A and fﬂ,
(b) the area of the shaded region.

i »Y

Answers
L (a) lO% 5q. units  (b) 6 sq. units

1 ;
2. (a) 43 5q. units (b) 6 sq. units
1 . 2 ;
:31. (a) 1154 $Q. units (b) 2-5 5Q. units
(a) 2. % 5q. units (b) I,_E 5q. units (c) 2. 93l $q. units
5 6 f :
2 ; 2 y
10-3- 5. units 3 5. units
(a) A(l. 0), B(4, 3) (b) 9 sq. units
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Exercise #2

\ et

jon. [6]
. ea of the shaded regi
The diagram shows the curve y = 6x — x2 and the line y = 5. Find the ar

™~

_________.—-——-'___-’-,-: ) L

¢ oz int at M. The line ¥ =
4 i minimum poin

, — v+ — which has 2

y=x+ =

The diagram shows part of the curve
intersects the curve at the points A and B. -

(i) Find the coordinates of A, B and M. h 360° about the x-axis. [6]

ed region is rotated throug

(ii) Find the volume obtained when the shad .
P O sl ooy = 0T is i ted through 360° about the
the x-axis and the y-axis 18 rota (4]

n enclosed by the curve, )
d the volume obtained, giving

4]
the value of LI {3x - 2)° dx. @@%

@) The regio rms of 7.

your answer in te
x-axis. Fin

4 Find J(Bx _ 25 dx and hence find

K4 | |

g @’Jthe y-axis at the point A. The point B(6, 1)
— exX= "3 - nte

The diagram b2 B30 e 4 @he curve, the y-axis and the line y = 1. Find the

I : ; 6
shaded region 15 I’oumﬂe\gs;;r.:lLatc:d through 360° about the y-axis. 1]

lies on the curve. The his shaded region

i t
exact volume obtained when
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6
¥y= {I - 2}‘
S |
i 1, 1) on the curve.
The diagram shows part of the curve y = (¥ = 2)* a‘::;ge;:%?t Al 1) The angent
A cuts the x-axis at B and the normal at A cuts the »
(i) Find the coordinates of B and C. [6
Ja . J
> Y_ . where a and b are integers,
(ii) Find the distance AC, giving your answer il the form A g R
7 (iii) Find the area of the shaded region. [4]!
2
Find J.(,-.-+ l) dx. [3]!
X |
.
8
|
|
o a B .
8 N . .
The diagram shows parts of the curves y =9 —x° and y = 3 and their points of intersection P and (),
The x-coordinates of £ and Q are a and b respectively. '
(i) Show that x = @ and x = b are roots of the equation x° —9x" + 8 = 0. Solve this equation and
hence state the value of @ and the value of b. [4]
|
(ii) Find the area of the shaded region between the two curves. 15]
(iii) The tangents to the two curves at x = ¢ (where @ < ¢ < &} are parallel to each other. Find the
value of c. | [4]
3 e N2 W k(@
9 —
qa L l;

»

The diagram shows the curve y = V(1 + 2x) meecting the x-axis at A and the v-axis at B. The
y-coordinate of the point C on the curve is 3.

(i) Find the coordinates of B and C. [2]
(ii) Find the equation of the normal to the curve at C. &

(iii) Find the volume obtained when the shaded region is rotated through 360° about the y-axis- [5]
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10

r ( +1) meelingat(-l.ﬁ)and(ﬂ.l),
X '

d the curve Y = "

The diagram shows the line y = x+ 1 an

(i) Find the area of the shaded region. ugh 360° about the y-axis. [7]

n is rotated thro ot the

curve. Find the equatio

n the shaded regio’

(i) Find the volume obtained whe i o
i dv _ _B _ | and the point 2.4
11 A curve is such that == = —=
curve. .
12 y
0
1
ht line
arve and straig
= = == 2_x - l ﬂc C
hi 2 _2x— 1and the straight lin€ 3
The diagram shows the curve = = &% i )
intersect at x =+ and x =4, where a is 2 €O
[6]
(i) Show that a = 5. ) o -
e
(ii) Find showing all necessary working, the ared of
13 J J‘:.',\’{I-glz

I 2 x V
— D . -int on the curve has
- Nt e \{:md b are constants.

3 i y = x{x—
rve with equation ¥ { Koy g

0

-

Zg:rgiiismm;?:,hg ;W:rlg‘l1 315&'—cnordinate of the maximum poin @ .
8

(i) State the value of &. @ )

(ii) Find the value of b. @ )

(iii) Find the aread of the shaded region. @ )

e m. Find the value of m.

dy of the curve has a miniml@@ﬂ

iv) The gradient, == ' |
" . D-) = N -6% and that f(3) = 1. Find f(x). [5]
f(x). It is given th I+ 6  *

» tion ¥ =
urve has equa h |
N ) = x4 1 and that f(4) = 5. Find f(x). 4]

f -
" f(x). Itis given that fix

A curve has equation ¥ =
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Answers

1 Shaded area = 10% 10

Q.]— '

24+4(1,5), B4, 5)
whenx =2, M(2,4). 11

=187 y=x—4,—x ()
3 Sub(2,4)—c=5
izsf- or 6.4m

_(Bx-2)" | 1 4
- 13 @)

8
0.533
- or (m)

. 1 ;
14 For)=2(x +6)7 %(.=-3

15 fl)=2x 7 +x(+2

7 ————ui+2x+(c}
X

g |() B =(01)cC =(43)
y=—3x+15

15 A
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Volume of Revolution

»
2. Volume:

5= /(x)

-

o / .
LA ]Idx
Volume of shaded region revolved 2z about the X —axis ==l

[y / -----
y

y=S(0
a7 _//_4
> D

AR
o/a

b 3
. 11 = h "'k dI
Volume of shaded region revolved 27z about the y'= k line =7 :[ @ !

Volume of shaded region revolved 27 about the x —axis

X
o[l de 2l ko= a) ©
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/

A o]

_________________________________________________________________________

le—f-—-kl :

b
Volume of shaded region revolved 2z about the x =k line =;rj[g(_;-) — k[ dy

Volume of shaded region revolved 2z about the y— axis

=zf[g(y)]1d.v«-:r(k2)(b—a3
s
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When the region under the graph of y = f(x) between x =4 and x =b (where
a<b)is rotated about the x-axis, the volume of the solid of revolution formed is

f:“(f(x))z dx, or Jj ry?dx.

When the region bounded by the graph of y = f(*); the
y-axis is rotated about the y-axis, the volume of the 50

d
j nx’ dy.
<

Y
Remember that the limits in the integral are fmits for ¥

Example

lines y=c and y=danfithe
lid of revolution formed is

not for x.’

2
e valure =1+x betwml |

-Find the volume generated when the regiO_Il un
x=-1 and x =1 is rotated through four right 8

der the graph of y '

ngles about the x-axis.
o for describing a full

The phrase ‘four right angles’ is sometimes used in place of 360

rolation about the x-axis.

The required volume is v, where
: L2 4) dx
V=J.1 .'Fl')"?'!:lx=-[I Z(I‘}‘xz)zd'x:']’!ﬂ(l*-zx +X)
-1 : -1

=[a+32 432,

_ 56
{14+ Y- (0 3P0 =5

The volume of the solid is %gn :

/ are aske
. ' ot multiple of 7, uniess you
i & B ures or decimal places.

answer correct to a given number of signiticant fig

d for an

Example | i D
Find tl;c volume generated when the region bounded b’f y=x" and the y-2X5/]
y=land y= 8 is rotated through 36(3" about the y-axis.

& of y.
[ x? dy, you need to e.xprcsg&;m terms of y

e | 1 4 ; .
verted to give x=y’, 80 d@?&z =y’, Then

. .3 .
The equation y =" cal be 1n

_ o n\%
o S

=z(-g>'<32)*n(%-XI)=25§ﬁ. G
&

Since the volume is given by

The required volume is %’lx.
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Practice Questions

Exercise #3 |
tween the following curves and the x-axis jg otateq

the region enclosed be -
. ;nmu;l;hhc;;" abmls:ﬂw x-axis. Find the volume of the THd f‘m‘m‘-‘d
) y=1-x
(a) y=(x+1)(x-3) (: it
() y=x"-5x+6 ‘ d
: = |
The region enclosed between the praphs of y=X and y=x" is denoted by R. Find th
2 olome ' ted through 360° about
volume generated when R is rota
(a) the x-axis _ (b) the y-axis. |
and y=2x is denotzd by R. Find the

3 The region enclosed between the graphs of ¥ = 4:2
s rotated through 360° about -

volume generated when R i -
(a) the x-axis, ' ~ (b) the y-axis.
2 5
hs of y=ﬁ and y=.r2 is denoted by R. Find the

The region énglosed-bemwn the grap ¢
4 volume generated when R is rotated through 360 ‘about
. (b) the y-axis.

(a) the x-axis,

0

4 . o ; i i

The diagram shows part of the curve y =.x+ = which has a minirawn point at M. The line y =35
intersects the curve at the points 4 and B. )

[3]

(i) Find the coordinates of A, I3 and M.
(i) Find the volume obtained when the shaded region is rotated through 360° about the x-axis. [6]

Nt

o
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Answers )
512 16
1 @ T5 ) Rk
©) 37 @ S
, @ 57 () 17
128
3 (a) 120?@,1. (b) A
4 @ 77 ®) >
5 .
4
y"'x—"-r"‘
m x+£——5—-d(l.5].3(4.57
dy 4

DB e i i
dx x*

=0 when x =2, M(2.4).

@) Vol of cylinder= 523
Vol under curve= 7 jv" dx

x 16
- ——+8x
Integral 3 =

Usecs his limits “1 to 47
s 754 —57x —18x
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Integration

6
i i —_ wi ect to X.
1 (a) [)d'i'::ru.-.mum:4,1‘+x‘z with resp

() Find f (4r+ ;26—) dx.

]
2 Evaluate f Vv(3x+ 1) dx.
0

[2)

l3||
|

[4]L

3
The diagram shows part of the graph of ¥ = lE and the normal to the curve at P (6, 3). This normg
meets the x-axis at R. The point @ on the x-axis and the point S on the curve are such that PQ and SR
are parallel to the y-axis.

, 3 1
(1) Find the equation of the normal at P and show that R is the point (45-. 0). [5]
(ii) Show that the volume of the solid obtained when the shaded region PQRS is rotated through
360° about the x-axis is 187. [4]
4 A curve is such that 4 — 222 _ 5. Given that the point (3, 8) lies on the curve, find the equation of

dx

the curve. [4]

’ dy ] 1, 8) is a point on the curve.

i —_— e — dP
A curve is such thatd‘_ J(ﬁ—?.x)’an (

(i) The normal to the curve at the point P meets the coordinate axes at Q and at R. Find the
[5]

coordinates of the mid-point of OR.

(ii) Find the equation of the curve. s
|
J
< .~

»

i 4
! A

The diagram shows the curve y =

[4]

l -
3x%, The shaded region is bounded by the curve, the x-axis and

the lines x = 1 and x = 4. Find the volume of the solid obtained when this shaded region is rotzl;ilii

completely about the x-axis, giving your answer in terms of 7.
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7
(L. 18)
P
(4.3)
R X
’ - ses through the
. t. The curve pas
diagram shows a curve for which Y .-.E-, where k1s 2 constan
The diagra 2=
points (1, 18) and (4, 3). 6 .
1
1 ] + 2-
(i) Show, by integration, that the equation of the curve is Y = 77
The point P lies on the curve and has x-coordinate 1.6. "
(ii) Find the area of the shaded region.
B ;‘
[¢]
The diagram shows part of the curvey = 377" o

2
t the point where X =
the x-axis, g oiving
ion is rotated through 360° about % Ee

(i) Find the volum @

your answer in terms of 7.
y
9 A @§
: . @ t the volume
he curve y = =» 4 where a 1\;1%“1% constant. Gwendth: e
The diagram shows part of the s rotated throuch 1@1 out the x-axis is 247, find the %
the shaded region i

obtained when @

(i) Find the gradient of the curve a

& obtained when the shaded reg
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10 Jr
The diagram shows part of the curve y = 4y/x —x. The curve has a maximum point at Az and
: Meet
the x-axis at O and A.
(i) Find the coordinates of A and M. 5
(i) Find the volume obtained when the shaded region is rotated through 360° about the x-axis, Zivin
your answer in terms of 7. [6!‘
11 "
3 y;-;’-v-ﬁx—lﬂ
o] g
The diagram shows part of the curve y = —x* + 8x — 10 which passes through the points A and B. The
curve has a maximum point at A and the gradient of the line BA is 2.
(i) Find the coordinates of A and B. 7]
(ii) Find f ydx and hence evaluate the area of the shaded region. [4]
12 The volume of a solid circular cylinder of radius rcm is 250z cm’.
(1) Show that the total surface area, S cm?’, of the cylinder is given by
S=2nr+ 500”. [2]
(i) Given that r can vary, find the stationary value of S. [4]
(iii) Determine the nature of this stationary value. [2]
13 dz\-‘
The equation of a curve is such that — = 2x— 1. Given that the curve has a minimum point at

[8]

(3, —10), find the coordinates of the maximum point.

14 The equation of a curve is y = ——.
(1) Find, showing all necessary working, the volume obtained when the region bounded by the
curve, the x-axis and the lines x = | and x = 2 is rotated through 360° about the x-axis. 4

() Given that the line 2y = x + ¢ is a normal to the curve, find the possible values of the constzmt[ g']
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15 i dy 8 ,
A curve is such that e G Given that the curve passes through (2. 7): find the equanon[:i]‘

the curve.
s through the point (4, 11).

The gradient at any point (x, y) on a curve is /(1 + 2¢)- The curve passe

16 Find
(i) the equation of the curve, 4]
(2]

(if) the point at which the curve intersects the y-axis.

17
A curve is such that gf-r = 3,2 — 4x+ 1. The curve passes through the point (1,5)-

[3]

(i) Find the equation of the curve.
. , - 3]
.8 (if) Find the set of values of x for which the gradient of the curve is positive: [
the curve-

and P(3,3) isa point on

A curve is such that i‘: =
dx

V(4x-3)
' s : m ax+ by =¢-
(1) Find the equation of the normal to the curve at P, giving your answer in the f0 3]
[41
(1) Find the equation of the curve.
19 ,
A curve is such that Q— = lE and (1,4)isa point on the curve.
dx AP
[4]

(1) Find the equation of the curve.
ing your

quation of this normal, giv
[4]

(1) A line with gradient -'5 ‘s 2 normal to the curve. Find the

answer in the form ax + by =¢.
= 1 = =2. 4
(iil) Find the area of the region enclosed by the curve, the x-axis and the lines ¥ = 1 and X (4]
dy 16 , .

19 A curve is such that E-)x = ;5, and {], 4) 15 4 pOIﬂl on the curve.

© 4

(1) Find the equation of the curve. & [4]
; ] NI

¢ equation of %}@ﬂnal. giving your

(i) A line with gradient ~lisa normal to the curve. Find th .
answer in the form ax+ by=c. @m
is and tpClies x = 1 and x=2. 4]

(ii) Find the area of the region enclosed by the curve, the x-axis and thgdines X = and X = 2.

20 3 A
(Z ! @’}\ﬂ\:

—ls

_T\J;;“gwhich crosses the x-axis at the points O (0, 0),

The diagram shows the curve y = x(x — 1(x—
©

A(1,0) and B(2, 0)-
(i) The tangents to the curve at the points A and B meet at the point C. Find the x-coordinate of Cj
(51

R, is the same as the area of the shaded
4]

(i) Show by integration that the area of the shaded region

region R,.
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A curve is such that El- = 4 - x and the point P (2, 9) lies on the curve. The normal to 1, Curve 5

meets the curve again at @. Find we
(i) the equation of the curve,

(ii) the equation of the normal to the curve at P, B3y

(i) the coordinates of Q. 5 :j]]

O y=3x+1)

— X

7] 1

The diagram shows the curve y = y/(3x + 1) and the points P (0, 1) and @(1, 2) on the curve. This
shaded region is bounded by the curve, the y-axis and the line y = 2.

(i) Find the area of the shaded region. [4]

(if) Find the volume obtained when the shaded region is rotated through 360° about the x-axis. [4]

Tangents are drawn to the curve at the points P and Q.

(iif) Find the acute angle, in degrees correct to 1 decimal place, between the two tangents. [4]

The equation of a curve is such that d—J = \/— —x. Given that the curve passes through the point (4, 6),
X

find the equation of the curve. [4]

A curve is such that % ==t =§; The line 3y +x = 17 is the normal to the curve at the point 2 on the
=~

curve. Given that the x-coordinate of P is positive, find

[4]

(i) the coordinates of P,
(4]

(ii) the equation of the curve.

i\ \\ \

2 NS
ST

crossing the y-axis at the point B (0, 3). The point

9
The diagram shows part of the curve y = Trr3
A on the curve has coordinates (3, 1) and the tangent to the curve at A crosses the y-axis at C.
[4]

(i) Find the equation of the tangent to the curve at A.
(1]

(i) Determine, showing all necessary working, whether C is nearer to B or to O.
(iif) Find, showing all necessary working, the exact volume obtained when the shaded reg‘lOﬂ[;;
rotated through 360° about the x-axis.
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* Aﬂ,\ﬂmrs
, (@ 4}1: (b) sd o p
2 "3
3 (i) )-=2x—9
A 3,3'-{-' S5x+5
s (5 17 (i) y=16-46-2%
6 427 cube units

(i) ,7.2 units?

g () *% (i) : 9 unit®

a=6

9

0 (i) Aare (16 0) o are (4. 4) (i) 1367

11 (|) A4 6)8(2. 2) Ui) 9-_%- sq. units

(if) 471 cm? (ii): stationary value is 4 minimum

S
(=2. 10%)
13 6

[N]EN]

14 (i) 1w’ ()= o -
15 =E- Zx)

i 7

{i)y=gﬂ+2x>1+2 (i) (o EJ

'\‘-.5.!— or x>1
3

TR, b T

(@) 2y+x=9 (i) y=3(4x-3) -6

19 (i) 8 L4 i) x4+ 2y=22(iii) § sq. units
_ yo—r12
5 gy L
20 (i) s<oordinaie of C Is & (i) =
3 (ii) 2y+x=20 (iii) (7. 63)

+3

o
|} --—41.-—*-

4

= g =194°
22 () 9 (i)

=§-;r units® (IH) v
2

e e
23 Ii"sﬁ'\}f-\""i'i i

. B
u ()@ (i) p=se+T7?

3
25 (i) 204 9p=15 (i) C is nearer to B. (iii) 9x units
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