what sapp: +92 323 509 4443, emmil: negal ecture@nuil . con

o0
MEGA LECTURE

WWW.MEGr#LECTU E.COM
WWW. Yout ube. cont negal ect ure  Page1ofi127



what sapp: +92 323 509 4443, enmnil: negal ecture@mail . con

XY
MEGA LECTURE

&
+ Let's take a look at 2 groups of data

-135789
-3456 71

« [he number in the middie 1s 5 for both
groups

+ [he first group spans from 1to 9.

» The second group spans from 3 to 7.
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( 3

« 2891013 14 18
s n=7,(7+1)/2=4helement
+ median = 10

«+ 2891013 14 18

« Lower Quartile, LQ &y Q1 = median of the
lower part =8

« Upper Quartilel<JQ or Q3 = median of the
upper part =\14
« IQR=UG-LQ=14-8=6.
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« 2891013 14 18
« median=10, LQA=8,UQ =14 IQR =6
«+ 2891013141820 n=8,8/2=4
« median=(10+13)/2=11.5

- LQ=(8+9)/2=85

« UQ=(14+18)/2=16

¢« [QR=16-85=7.5
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+ Median
—ifnisodd, (n+ 1)/ 2™ element

—if n Iis even, average of n/2 "zand its next
element

+ Lower Quartile (LQ) arid Upper Quartile
UQ) are the median @i the lower part and
the upper part.

« |QR = UQ - LOgneasures the spread of
the middle haitof the data
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Mean and Variance
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Mecean

. ;"l-jl'.".ll'. b "."-.|.1.I1 WL -"Ihll.'.”.}' li.:l].] Y l'.'L-lHL.

=
e ]
] ]

* B.2 16, 3,11

* Y =B+24+16+3+11)
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Variance and Standard Deviation

* Vanance measuges the avey g distance s Juace o the mean.

Standard Deviation (802 15 the SUACe (001 ol varance

: Yix—x) . =
* 1rariance = - EoE distance to mean 1s |.'-*: — X

82,16,3,11 x=8

(x —%)%: 0,02 &7-36, 64,259

vanance = (0 + 36 + 64 + 25 + 9) / 5 = 26.8, 51D v26.8 — 5.18
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Variance and Standard Déviation

: Y(x=x)*
udariance =

n

. .1'| ALIAIICE §5 .1|‘J.'I".=- i1t 1'||"_'I;II|".'r' 1 1] '|;'||i.I||1 ClEv iAo
. ]I Sl "-l.lllll.:l.':lil '.:lli"ll IR 5 "l l” (IENRErs are 11|[ Sl 1AL,

1'|-.|'.L.i.|'.-:1' 1% averapge cistance-& tare Lo the mean

i!
. :"l[.llll.].l.ll.! l.:lt"'...i.'ltil..ll.l. CAaLl ::r [-e:ll.'.-_:];i'.' E]|I.JLLLL!.:|r |_|j A% Avelape |.|.,'-1,:|.ll.'|:' o e

PTREELD
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Alternatve Formula for Variance

o
I _
* rariance = — mean ol squares muns sgquare ol nwearn
i L i
B. 2. 11 | 1 X =8
¥yl

G4, 4, 2569, 121 s 64 + 4+ 256 + 9 + 121 5 = .4

n

* vanance = 98 — 8 = 268
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Grouped Data

WWW.MEGr#LECTU E.COM
WWW. Vout ube. conl negal ect ure  Page11of127



what sapp: +92 323 509 4443, emmil: negal ecture@nuil . con

o0
MEGA LECTURE

Frequency

. ETI{-L]I.H'.-ill:"'L' Tt R l:l{:l"n..' :I]1-Ill'||' ;I]}IJt'?ll.LlLt'l.'h.

:IJ.'E.: ity

* 12 appears 3 tumes, 23 appears 11 tumes, ..
* 12 12 1212 12 23 23 23 23 23 23 23 23 23 23 23 3 34 34 34 ...

* total =30 -5+111+B+6-30
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I*ruqucnc}-* 00
@0
ElllIIIEHEIIIIEHEIIIQHEHIIIIEHEIIII

: lreguency 22 8 () 3 0
= 2

* 22 numbers are between 10 and %\8 numbers ave between 20 and 30 ..., .

* Within cach class, wec only k@gw range of those numbers, not the detail,
g+ 31 N =70,
*

* total = ZF- = 22 l@
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Mecan for Grouped Data

P o -

L
i o— T — T —

Irﬂ}wun 3

----_
* Y Ffx=060+253+272+252=837, L, f=5+11+8+6=
. = _ Lix 837 .

x--EJr— :45:*3?‘9

3
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Fstimate MuﬂnQO

freguency 22 B C)
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Variance for Grouped Data

Er"f

‘ * variance = ..t'!

1 _mm .
frequency
muid-¢class 15 25 a1 65
2 ] 15 X 23=4950) 255w =5000) AUg ey 380125

49504+ 50004+496004+38025 (4—?1

2 =
- =) = 261.09

* ariance =
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Summary
~ Efx
T OEF
. A ,._:':-\':u':__;z
LMIFLInCe = Er_ A
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What 1s Coding?

Rechice eacly oognber 1o 2 grovp by a cegtain valoe

* Alver coding ¥ — x- 13 D A2 19, 33, 5, 29
P04+ 1734 160+ 1RA+ 100+ 179
P — 164
1
. 158 - 4179= = -
Ny = —— 1&68% = 14287
s
O+22 10+ a848232 .
¥ 18
’ | i -
var{y) 14 V4267
&
& i 150 y i
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[“acts about Coding

* It v=x.a then j-’ = X — a and "n.'ui'{_l'} = wvar(x)

Coding shitrs all nmambers to the letr by a tixed distance, bur the distance
| v

between each number 1s NOYL' changed. Lheretore, the mean 1s shatted, bu

H'H ﬁ.'.ili;llh‘t“ :I:l-;']. ‘=-r:1|1||..'|:I|{ I.']I' 1.'i:|l21 11 1'|."|'|:'i:|i!'| rI-..-- SAiMe,

{_x |-:|.i-|'|‘_!I 1:|1|.||.|||:'1||'- are nsiall 1'L|thl.ll'-u.|:|5 and cithicudr te solve,

[ ]

Remember to introduce ¥ and snick with the above two tacts.
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lixﬂmp]c

[ e ]tl:'l.u].lh w e o @ rresiLey ol B2 =|i||.:.:-:'|| ape sutNnia el as Tollows
1
(== [ -

2ix = 1350) = =287, standalclydeviabon ot ¥ = 6.9

1) I'med the mean hewpht: ) Fod Ll — N0~

=g

n = B2 Let y = w— 130, Then Ey = LR/, 5D(y) = 5D = 6.9

Y =Epn=-287/82 = 35Qmce Y =X —a, X =-35+130 = 1265

st

Ert Ny-130)2 , e . 5
:n:l_:‘f,ﬁl'l::.'!l'.:l = T = }'2 = “T — {—3.5}2 : ﬁ:}E So. i 1 300 AO0E. 52
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Histogram
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Frequency Densitp

e 1020

freopicney ] 2 () 7 3
class wwlel 20 1h=11) 8] \® X 30
fd. S/ 10=08 3;’&%2 7/20=103% 375 =0.1

M FI{'{'II1|:'-:I'III'1.' DE'LIHEI1§ |- | }|‘I ;"E"‘]Hf‘lu'y __.-" E_]H“ 'Lﬁﬂlh
. 3 * .
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Histogram

. r.jll']l 1']:1"|!'i [F. !II:"‘IIIIH"i-i."l'lT-I.'[] ]'ﬁ'_', cl 11:11.'. FI_.|1I.' ]1["iH|]l|' ;.'- il!'- !'.I'['ii'l'l.i':l'll.":l' l'll'l'l‘-i.‘l'f.‘.

* llach bar's area = frequ-:nu!.- = wriclrth = hfighr

* The ¥ QXIS 18 ﬂwm't; trequency d::ut‘-:h-‘

IR
nmmm
el . 02 0.5
age
-— — I
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No Gap Qo{Q

Q"

. -.“ T]I!ll'l[' Hic .Eh:tl']ﬁ I]l"""n'l."l!'l":lil -I.'Z]:I!'--!'-il"--_l W !'-i]]-l'ﬂ'l’O'.ll’l".'l' HH" .l'!lli lll]'l.[].!ll"',." I []H'

- maclcle. ()\
mm# ' 08
s |

moditaed 951958 (9825 23S 405

class widilh 10 10 20 &1

frequency 8 2 ] 3 . .
I >
td, 0.8 0.2 : 0.1 .
g5 195 205 495 705 age
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Summary

t-ll! l|.|['|| TN I.]l'1'|"w-i|:".' '.Ii'l']il-..':lll."l.' _. l'I'.‘I'1"1 "-.'l.'il.:||.|'|
1The v-axis 15 alwavs [requency censity,

There should be no gaps brerercen classes. Move the 't}uuml-.u.'j.' to the middle

1 1!|‘|5-_:::'|:1] classes have gaps.
area = lrequency

You should be able to draw the frequency table from the hustogram also.
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Cumulative Freguency

Diagram
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Cumulative F'requency -

* Think of it as a |'ll|1|1illg total.

_-mm

|:I.'El:i1.l'lill.-'|

ok 21 I,f""' lx"”’ Iﬁﬁzlf’/ﬂ

* Each enmulative I1'r.=*r|l.u'-nrj.' represents the mmunber of items less than the

upper boundary ot thus class.

mm 19.5295 |295595 505795 | 795805

<=195 =295 <=595 w=T95 <=§9.5
1.-.|:'. | 35 53 62 70
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age  |9.5-195 195205  |29.5.59.5 m 79.5-89.5
c£ 2 33 33 &2 QO
post (95,00 (19.5,21) (29.5,35) (59.5, 53) e 3(,‘{73 (89.5, 70

The y-axis 15 abways c.t, 0’&
The 1" point 1s (lowest boundary, ). @Q : "
* Other pownts are (upper bumu‘]ﬂr@ilj- ; "

Connect all 1'mi11'rs with a 8 curve, -

The curve should alwavys ifcrease
*

0or rse, IJl'II'.I'llh-I.' l.l. Bl poes l:].(]"-.".'l.].
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Fstimate Median and Quartiles
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Fstimate Median and Q@artiles
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Stem and lLeaf
S AN
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Stem and l.eaf

* Sort the auanbeis,

* Leafl s the Iast dagnt. Stem s the tcemauung
. * Remember to put m the lkev
* Giuls’ hewght in cm: 152, 153, 153, 16165, 167, 167, 170, 171, 175

IL'|L]*-"1:=.F1I:']|T

15 233
1 6 2577
17 015 kev: 15 | 3 means a gul’s heght s 133 em
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Back-to-Back Stem and lLeaf

* Guls’ hegght w cox 122, 103, 155, 162, 165, 164, 167, 170,171, 172

Ul.:'r-.'tf ilL‘j'L:lLl m cme 159 165, 167, 169, 173175, 180, 182

'Euﬂ.':-.- !|r1'-_{'||1 -._fi1]f ||._—;5|-|r
9|15 233
975 | 16 227 key: 3| 16| 2 means bov's hewght 15
3 1/ & B L 165cm and f_rqu& lL-'.'LE_'h! 15 162 cm.
201 18
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Find Median and Qua¢tiles

* Meed 1o conssder il nis odd or even,

. * Lount to lllr: Correct H.||]]]|.'IL'5.
5”!:—. 1I|."|-{|If

15 £33
1] 2507
1/ 01> Rey: 12 | 3 means 2 gul‘.-,- height 15 153 em

n =10, median =8> + 167) / 2 = 166, LQ = 153, UQ = 170
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Box and Whisker
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Box and Whisker

” IT'| 1T sl 'I'!ll.lil'l'l'“-i I'I'Ii.lli!!ll.]II!lI ]{E’ 1!'|I'|.;|:..III_ [-{: Iul.ii'&.i!]]'.ll'l'l

. * 3.9 13, 18, 20, 22, 29, 30, 40, 50

* mun — 3, L.Q — 13, median — 21, AN — 30, max — 50
L o0 |
il il K || Hl i Rl 7
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PERMUTATION
AND

COMBINATION
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Introduction

o] .;ii'l’_‘lfmutﬂtinn "P, : arrange r items©ut of n
different items. Order matters.

i ny :
@ Combinalion "C, or (r): sefect r ilems oul of n

dillerenl ilems. Order does NO1 matter,
@ Example:
® Permutation: 5 ¢&at of 10 people torm a line.

= Combination: Pick 3 out of 20 people to form a
commiltea)

WWW.MEGr#LECTU E.COM
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Permutation

| ow many ways arc there Lo pick 3 students out of 20 and pul

them in a line?
[FEI=

- = How many choices [or - ?
» And then, how many choices for - ?
= And then, how many choices for ?
@ Answer: 'P,=20 x 19 x 18

WWW.MEGr#LECTU E.COM
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Formulae for Permutation

e

@ 2P;=20x19x18
i!l "P=n(n-1)(n-2) (n-r+1)

@ =n(n-1)...(n-r+1) {""'““'I'_‘Z:*’E“_]

(n—r)(n—r=1j.%2x1
' Vi n!
i {n-r)!
B "P=nn-1)(n-2)...> n-r+1)=

1!

(n—r)t
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Combination

soutof 1,2, 3

= For each case of combination, there are 2! cases in permutation.
@ P> =2!13C,
@ P =yl R

WWW.MEGIQLECTU E.COM
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8 P, =n(n-1)(n-2)

fnin=1)n=2)...(n=r+1) s
1%2%.. X7 =

,.E HET =

=2%F. = n!
= nCu - ncn = |
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ermutation with Limitations

How many numbers can you form with 1, 2,3,5,6,7, 9 (no
numbers can be used more than once), if
s they are 4-digit odd numbers?

8 Consider Lhe last digil. Only 1, 3,5, 7 or 9,

n Consider the rest digits. Any limitations?

8 Answer: 5 x Oy
= they are 4-digit and less than 60007

o Firstdigit can only be 1, 2, 3 or 5. Answer: 4 x °P,
= they are less than 6000?

o 1-, 2- and 3-digit are all < 6000,

o Answer: ‘Py+ P+ 7Py + 4 x °P,

WWW.MEGr#LECTU E.COM
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Fermutation with Duplicates

i fﬁﬁlﬂ the number of distinct permutationsof the letters of the
word MISSISSIPPI.
= 11 letters in total
m S, 415,205 1TM
& I we do 110, it treats all letters dificrently.

5 11!
4% 4] x 2!

WWW.MEGIQLECTU E.COM
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Permutation
plitlogether or All Separate

find the number of ways 6 women and 3 men to stand in a row so
thata]l 3 men are standing together.
& Treat all 3 men as ON@ person. This gives 7!

= Within the 3 men, there are 3! permulations.
- ﬁj.]:u:wc-r' 7LAl = ?I'IE:-I-H

that no two men are ahuuimg ne :r;t to one ;umthm
= Arrange 6 women [irsl. This gives 6

» How many spaces does this create?

= Put each of the 3 men in one of the spaces. P,

s Answer: 6! P,

WWW.MEGALECTURE.COM
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COMBINAYION
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Lombination with Limitations

A team of 5 people, which must contain 3 men and 2 women, is

chosen from 8 men and 7 women. How many different teams
can be selected?

= First, select men. How many ways?

8 Then, select women, How many ways?

& Answer: %C,x 7C,

WWW.MEGIQLECTU E.COM
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Not Both

@ A team of 5 is chosen from 15 people. HoWw many different teams
can be selected if two particular peopl@cannot be both in the
team?

® Nol Both = All - Bolh

WWW.MEGr#LECTU E.COM
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Gombination with Duplicates

EWIIEI‘I:EI‘EB:‘E to be selected from the letters in the word
RIGIDITY. How many different combinations are there?
s 3 Is are all selected: *C,;

& Only 2 [s are selected : 5C,

& Only 11 is selected : °C;

» Nol:°C,
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Probability of an event A:

P(A) = # of possibilities in A / # of all possibilities

A class has 14 boys and 16 girls. What's the probability
of selecting a boy from this class?

There are 14 ways to select a boy.

There are 30 way to select a student.

P(boy) = 14/30 = 7/15
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In a class of 30, 13 students take math, 18 students take
physics and 8 students take both.

-1

7/

What is the probability of-a student taking neither math
nor physics?
- 7/30
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7’

- P(taking math) = 13/30

- P(taking physics) = 18/30

P(taking math and physics) = 8/30

P(taking math or physics) = 23/30 = (13+18-8)/30
= P(math) + P(physics) - P(math and physics)
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P(A): left circle, P(B): right circle
P(A or B), P(A U B): the ared covered by both circles

P(A and B), P(A N B): the’common area between two
circles

P(A U B) = P(A) + R(B) - P(A N B)
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A and B are exclusive events if A and B cannot happen at
the same time.
P(A U B) = P(A) + P(B) - P(ANB)
A and B are exclusive if
P(ANB) =0
or
P(AUB) = P(A) + P(B)
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In a class of 30, 13 students take math, 18 students take
physics and 8 students take both.

7

- Given a student takes math, what is the probability that
student takes physics?

P(physics | math) = 8/13
« = P(physics and math) / P(math)

—
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P(B | A) =P(Aand B) / P(A)

P(A and B) = P(B | A) x P(A)

In Europe, 88% of all households have a television. 51%
of all households have a television-and a VCR. What is
the probability that a household-.has a VCR given that it
has a television?

P(T) = 0.88, P(Tand V) = @51, P(V | T) = ?
P(V|T)=P(TandV)/PW)=0.51/0.88 = 51/88
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If B is independent of A, it means that B's probability is
not affected by A. Or, whether A happens or not, B's
probability won’t change. Therefore, P(B) = P(B | A).
P(A and B) = P(B | A) x P(A)

A and B are independent if P(A and B) = P(A) x P(B)

WWW.MEGr#LECTU E.COM
WWW. Yout ube. conl negal ect ure  Pagesoofi27




what sapp: +92 323 509 4443, enmnil: negal ecture@mail . con

XY
MEGA LECTURE

A fair die is thrown. Event A is the number is odd. Event
B is the number is less than 3. Are A and B independent?
Are A and B exclusive?

Bl 3.5 PA) =1/2,

Bl 2. P(B) = 1/3.

Aand B: 1. P(AandB)= 1/6= P(A) x P(B).
So A and B are independent, but not exclusive.
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- The probability of rain is 0.2. If it rains, the probability
that Tom walks his dog is 0.3. If it doesi, 0.8. Draw a
tree diagram to represent this.

- Nodes are events. Probability is written on the branch.
- Probabilities coming out of one rode sum up to 1.

P(WIR)=0.3 w P(R afigd'W) = 0.2x0.3 = 0.06

P(R)=0.2 R
0.7 NW CRIR and NW) = 0.2x0.7 = 0.14
sum=1
T 0.8 w ) P(NR and W) = 0.8x0.8 = 0.64
- NR
0.2 NW P{NR and NW) = 0.8x0.2 = 0.16

WWW.MEGr#LECTU E.COM
WWW. Yout ube. conl negal ect ure  Pages63of127




what sapp: +92 323 509 4443, enmnil: negal ecture@mail . con

o0
MEGA LECTURE

0.3 w 0.06
0.2 R

0.7 NW 0.14

0.8 W 0.64
08 o

0.2 Nw 0.16

- What's the probability that Tom walks his dog?

- 0.06 + 0.64 = 0.7

- Given Tom walks his dog, what's the probability that it
rains?

P(R|W) = P(W and R) / P(W) = 0.06 / 0.7 = 3/35.
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A bag contains 4 red balls, 5 green balls. Two balls are
taken out. What is the probability that there are:

1 red and 1 green

Use Combination: *C,>C,/?C, = 5/9

Take one red out: 4/9

Take one green out: 5/8

Probability = 4/9 x 5/8 = 5/18 £ §/9

What's wrong? R/G and G/R. Therefore 5/18x2! = 5/9
2 green balls

Use Combination: *C,/°C, = 5/18

5/9 x 4/8 = 5/18 No order any more!
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A bag contains 4 red balls, 5 green balls. Two balls are
taken out. What is the probability that there are:

1 red and 1 green

Use Combination: *C,>C,/?C, = 5/9

Take one red out: 4/9

Take one green out: 5/8

Probability = 4/9 x 5/8 = 5/18.#’'5/9

What's wrong? R/G and G/R,\Therefore 5/18x2! = 5/9
2 green balls

Use Combination: *C,/%¢; = 5/18

5/9 x 4/8 = 5/18 _{No order any more!
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A bag contains 3 red balls, 4 green balls, 5 yellow balls. 3 balls
are taken out. What's the probability that there are:
1 ball of each color
3{:14(:15'(:]-_,!'[1:::3 = 3;11
3/12 x 4/11 x 5/10 x 3V = 3/11
exactly 2 green balls
qﬂzaﬂiful::; = 12;55
4/12 x 3/11 x 8/10 x 3 = 12/55

at least 1 yellow ball
1-none =1-7Cy/12C, = 37/44
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A bag contains 3 red balls, 4 green balls, 5 yellow balls. 3 balls
are taken out. What's the probability that there are:
1 ball of each color

3{:14'4:15{:1,!'[”':3 = 3;11

3/12 x 4/11 x 5/10 x 3! = 3/11
exactly 2 green balls

4C,8C,/12Cy = 12/55

4/12 x 3/11 x 8/10 x 3 = 12/55
- at least 1 yellow ball

1 - none = 1 - 7C,/12C, = 3//44
Combination is recommended!
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A random variable is a quantity waose value
depends on a chance.

A random variable can be diserete or continuous.
The probability distribution of a discrete random
variable is a listing of the possible values of the
variable and the corresoonding probabilities.

X: the number vou gzt when throwing a die

x: the possible numbers
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YP(X=x)=1
frequency = total frequency x probability

Throw a die 600 times. There are about 100 times
that it lands on 3.
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Take 2 balls out of a bag that contains 4 red balls and
5 green balls. Draw the probability distribution table
for the number of green balls that are taken out.

X: the number of green balls..x can be 0, 1, and 2.
P(o)=4C, /9%C,=6/36=5/18

P(1) =4C>C, [ 9C, = 20/36 = 5/9

P(2) =5C, [/ %C, =40G736 = 5/18

Make sure their sum is 1.

MAX =Xx) 4/18 2/g 5/18
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xpectation and Varianc
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Expectation and Variance

x ___Jo 1 |2 | C)O
P(X =x) 3/18 5/9 5/18 S
» Expectation: u = E(X) = X xp \\}

» Variance: 62 = Var(X) = X(x - J‘J}ié;}z x%p — u?
* u=0x3/18 + 1x5/9 + 2x5/18 = 'zg.lg

*x%:0,1,4 Q)
* L x’p=0x3/18 + 1x5/9 + 4@!13 =5/3
* 0%=5/3 - (10/9)* = 35/81
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Binomial Distribution
3
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A Dice Problem

et Throw 4 dice together. The random variabléX is the number of 6's you
get.

ek Xcanbe0,1,2 3, 4

e P(6)=1/6, P(not6) =5/6

e P(X=0) = (5/6)4, P(X=4) = (1/6}

e P(X=1) = *C; (1/6) (5/6) ImCduse this one 6 can be any of the four

ct P(X=2) = ', (1/6)* (5/ & because these two 6's can appear anywhere in
the four
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A Dice Problem

a2 P(X=0) = (5/6)"
ai P(X=1) = 1C, (5/6)*(1/6)

et P(X=2) = C, (5/6)* (1/6)*

it P(X=3) = 4C, (5/6) (1/6)*

e P(X=4) = (1/6)*

cit Why is the sum 17

et Expand (5/6 + 1/6)* using the binomial theorem.
et The probability of success is p=1/6,q=1-p=5/6
R P(X=r) =1C, g*" p’
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Binomial Distribution

et X ~ B(n, p)

e n: Lhe random vanable X can be [rom ) ie'n
e p: Lthe probability ol success

ct PA=r) =", p q"%.q=1-p
RPX=r1r)=1-P(X>r)

A = at most, no more than O : at least, no less than
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Example

cit The fault rate of a product line is 0.02. Ten products are randomly
picked from the product line. Find the probability that at least 2 are
faulty.

ARp=00,q=1-p=098

ARPX=2)=1-P(X<2)=1-10,1)=1 - 098" - 10=0.02x0.98" = (.0162
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Four Conditions

et A single trial has exactly two possible oulgomes (success p and lailure g)
and these are mutually exclusive (p+g=1.

e A lixed number of trials (n) lakes pldce.

cit The outcome of each trial is indépenident of the outcome of all the other
trials. (Probahilities are multipliedQogether.)

et The probability of success §Kéach trial is constant. (p doesn’t change.)

WWW.MEGr#LECTU E.COM
WWW. Vout ube. conl negal ect ure  Pagesiof127




what sapp: +92 323 509 4443, emmil: negal ecture@nuil . con

o0
MEGA LECTURE

Four Conditions

] .-ﬂH'I‘II.'I-I'I y 100 bottles, 7 are I._-.uln- If 4 bottles are taken out, what's the
]'lﬂ!l‘hﬂ‘lllllt of exactly 2 are | uulh’

et Using binomial distribution, p=0.07, q=0.93

c P(X=2) = 4C, 0.072 0.932

cit What is wrong here?

e p is changing. First one, p = 7/100. If it’s faulty, second one p = 6,/99.
e Correct answer is: ’C, %C, / 10C,

i If it's a product line, the number of products can be considered
unlimited/ infinite. Therefore p is constant. We can use binomial.

e I the total number is hixed, we have to use combination.
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Practical Questions

cit In a certain product line, the faulty rate is3’%. Ten products are chosen
al random. What is the probability thal #&wer than two of them are
faulty ?

e’ X ~ B({10, 0.03)

cit P(X < 2) = P(0, 1) = 0,971 + 1003 x0,97% = 00,9655
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Two-Level Questions

cit The faulty rate of a bottle is 3%. Fach box contains ten bottles. Fight
boxes are chosen. Find the probability that exactly 7 boxes have less
than 2 faulty bottles.

e X: number of faulty bottles in a box

e X~B(10, 0.03)

ez P(X<2) = (1.9655

ca Y: number of boxes that have < 2 faulty bolttles
e Y~B(8, 0.9635)

e P(Y=7) = 8(,x0.9655'%(1 = 0.9655) = 0.216
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Expectation & Variance

¢t = np
2 o =np(l —p) = npg
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Continuous
Probability
Distribution
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i

Continuous probabillity digiibution

o In discrete probability distribution ;}S(%ﬂbmw is defined as
P(X=x) and all probabilities add,Q

o Probability density function:
o q(x] = 0, dll above the x-q
o The area under q(x) is Q

&
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Continuous probability distribution

o P(X <x) is the area to the left of x.

WWW.MEGr#LECTU E.COM

WWW. Yout ube. conl negal ect ure  Pagessofi127



what sapp: +92 323 509 4443, emmil: negal ecture@nuil . con

o0
MEGA LECTURE

I

L

| S
Continuous probabillity digibution

o P{X = x] is the area fo the right of x &

oP(X>x)=1-P(X<x

&\‘r
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I

Confinuous probability distribution

o Pla < X <b) is the area between a and b.
oPla<X<b)=P[X<b)-P{X<a)
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L

| S
Continuous probability digiibution
<

o If we draw a and b close enough, weget F(X=x} =0

)

0\

S VI &
o In confinuous lity distribution, P(X < x]) = P(X < x]

proRQp
o Ared = Probabilj
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Normal Distribution

o X~ N{u, ¢
o Graph of probability density function is symmetrical
about x= Y. Also called bell curve.

b
Ly :
]
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&

Normal Distribution @

o Examples in the real world: exam rQés. people’s heights
o 2/3 values lie within g, 95% lie within 20, 99% lie within 3o
oPl-o<X<g)=2/3 <
" oP(-20<X<20)=095 o
ﬂPk&IﬂEﬁmﬂ=Dﬁkéb F
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B

Graphs with different parameters

o u defines center and o defines the spread L 5
o N{2, 1) and N(5, 1)
o Shapes are the same, only the center is different.

T
/ \/
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L &
Graphs with different pmr@?ne’rers

o o defines the spread. Since the c@%ndemea’rh the
curve is 1, the bigger o, the !c}wﬁ nd wider the graph.

o N{3, 1) and N(3, 4) @0
o Centers are the same, onp\N (3, 4) is lower and wider.
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Standard Normal
Distribution

WWW.MEGr#LECT URE.COM

WWW. Vout ube. conl negal ect ure  Page96ofi127



what sapp: +92 323 509 4443, emmil: negal ecture@nuil . con

o0
MEGA LECTURE

I

Standard Normal Dis’rribuﬁ@n

o I: standard normal distribution 6\
o~ N[O, 1) X
od(z)=P(Z < z) 0

oP[Z<1)=P(I>-1) /\
oP(Z<-1)=P(I> 1) -(@@::u
o O(— ;1—1—:1:(,:) / 1
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Look up the table |

o Values in the table are ®(z) forz 2 0.
o P(Z < 1.234) = &(1,234) = 0.8907 + 0.0007 = 0.8914
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o P(Z<1.234) = P(Z < 1.234)
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Look up the table O

o The table only has non negative nu ers for z.
o Use symmetry to get other vnlug\E‘IQ

o P(Z < -1.234) = ®(-1.234) = | Fb@[ 234) = 1 -0.8914 = 0.1086
(%3

$\

S = L] =t T m—
L] i 1
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Look up the table |

o P(Z>1.234) =1 - ®[1.234) = 1 -0.8914 = 0.1086
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Look up the table <
o P(Z>-1.234) = ®(1.234) =0.8914 <~
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Look up the table

o P(Z <z) forz 20 can be found in the table
oPlZ>2z)=1-P|I<32)

oPlZ<-z)]=1-P[l <z

oP(Z>-z) =P(1<z) 1§
o Always helpful to sketch the curve.
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Look up the table O :_
o P[0.7 <Z<1.4) \Q’ E
o=P[l<1.4)-P{I<0.7) \0

o Both values can be found digggtly in the Table.

oP(-1.4<7<1) (b\
o=P(L<1)=P[Z<-1.4 5O
0=P(Z<1)-[1-P{Z<N3)]
o Now both valuesadin be found in the table.
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Reverse Lookup <

o All probability values in the table are 20.5 <
o Therefore we can only do reverse Iﬂakub}}r probability values = 0.5.
o Pll<z)=08034,2=% <

i & i i i i ‘0 i s |' 1 S *J
“n'i*?ﬁ-?t‘ﬂ-‘ﬁi‘-?.‘f?ir-i'._uu '%‘iih‘ﬁiﬁ'-‘iﬁ;"a_p T ™ 02
i Illl'lllll :II LS ST AT &Y &N @i BT EVTRE EAYPNE  E B IS
a1 & LR L AANFE AN e & | S SRR B oMl
i1 SR AT BANES BN R |kl G GAEIT & 7 o W
ind ;-I-i!'l-i-;-ll.lh T el | T i-ln- ka ST 4 0 NIl
CERCT RN T T R CTLAE &S AT et arfisaly 1 3 I i
i lETITE T AT ETHT|ET k] -h'l.“.l:-!h ETENY AT 1 1 - Y |
BY|aeEse el @D BTG T @ TTHE B ThE |6 TR A TN ALY @ T !lﬁ
@Iﬂﬂh (W MEEE A TN @ O -'lli-l.'l'l A= GRjNILE F o :1
(BN ENFE S ATIT BT BET EERY SN BNEEY GEWRE) T 8 LU LB
i l.-qll_l“i L] LR s T LAY -l-ll'lhlllll'l"l A BRI Y A B im 5
pou g L el = el . R LR N Lo RPN e TR TR h L a EE AF =

o [=0.854
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Reverse Lookup
oP(l>2)=08034,2=7
o Sketch the curve. Decide the sign of z. Negative.

r N
Fd '1"
/" | 0.8034

o P{Z < -z) = 0.8034
oz=-0854
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Reverse Lookup <

oP(Z<2)=0.1966,2=2 QJ
o Skelch the curve. Decide the 515;\ z Negative.

" A X

—— ’ﬂ.wﬁﬁ

oP(Z<-2)=1-0.] UEDB#
0z =-0.854
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Reverse Lookup
oPlZ>72)=0.1944,2=¢
o Sketch the curve. Decide the sign of z. Positive.

72N

& "I,_H
/ |

3 0.1966

oP(Z<2) =1-0.1966 = 0.8034
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Reverse Lookup O
oP(Z>2)=0.1966,2= % <
o Sketch the curve. Decide the si mb Z. Positive.,
\ @c’
/R
O
0.1966

o P(Z<2)=1-0.196&= 0.8034
oz =0.854
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Reverse Lookup

o Sketch the curve.

o Decide the sign of z based on the probability value and
the direction of the inequality sign.

o If necessary, change to P(Z < z) = a value > 0.5
o Do the reverse lookup.
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Standardize Normal Distribution
o X~ N{u, ¢

x-—
07 =—F
ef
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Standardize Normal DistriteStion |

oX~N(3 4),p=30c=2

2

/\ @
-
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Standardize Normal Distribution

o X ~ N(3, 4), find P(X < 6).
o P(X < 6) =P(Z <™2) = ®(1.5] = 0.9332

o P(X>6) =P(Z>%2) =P(Z>1.5) = | - ®(1.5) = 0.0668

-]=3
2

oP(X<-1)=P[Z<

| = ®(-2) = 1 - d(2)=1-0.9772=0.0228
oP[(X>-11=P(Z> %‘3] = P(Z > -2) = ®(2) = 0.9332
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Practical Questions O

o Scores from an exam are normally iGributed with mean 70
points and standard deviation 10,5000 students tock the
exam, approximatiely how rnue}»students scored higher than

902 < |
o X ~ N(70, 100 é}
o P[X>90) = P{zﬂ;—uﬂ*] =R>2) = 1- ©(2) = 1-0.9772 = 0.0228

o 5000 * .0228 =H§.
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Practical Questions

o The heights of a species of cactus are normally distributed.
34.2% of the cacti are below 12 cm and 18.4% are above 16
cm. Find the mean and standard deviation of the distribution.

o P(X<12)=0.342, P(X>16)=0.184

12-pY _ 16-pY _ .
o ® (=) =0342, @ (*=£) = 1-0.184
o Reverse look up

u% = e (. 407, “'T“i = (.900

ou=1320=3.06
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Binomial Distribution Graphs

Binomial dstnbution withn = 15 and p= 0.8 Bancmual destribustson with n = 40 and p =0 2
028 — — ps — o
020 —
B — I
= 1l
| = 01 - = I |
0N =
E ? GO — |
008 — |
el = — |
] | I | | I ] T 1 1 ] 1 T 1 1 FRTR AN TA NN AN AT AN T ITAATE RN YT AR N Nmn
B 1 2 3 4 &8 & T &8 B B0y nE o4 BiadAamdiiaieE M a2 X 34 «b
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Rinomial Distribution Approximation

o Why do use normal fo approximat l%mmiul?

o X ~ B{1000, 0.02), find P(X < 200)]xJ0 find out the exact
value, we'll have to add 200 s (0-199).

o When np>5 and ng>5, B[ne) = N(np, npa)
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Continuity Correction (CC)

o Binomial is discrete. Normal is continuous.

o In continuous probabillity distribution, P(X = x) = 0.
o X~B(n, p) =2 Y~N(np, npqg)

o If P(X<5) = P[Y<5), since P(Y=5)=0, P(5)} is not counted in. =
o P(X<3) =¥ P[Y<5.5)

0 P(X<5)=P[X<4] = P[Y<4.5)
o P(X>5) <@ P(Y>5.5)

o P(X25) = P[Y>4.5)
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Continuity Correction (C&P

o CC is used only at the time of hiﬂ?%i approximation.

o If the distribution itself is normal xXhere’s no need fo do
continuity comection. @G
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Example

o The faulty rate of a product is 3%. S00 products are taken
oul. Find out the probability of less than 20 products are
faulty.

o X~B(500, 0.03)

onp=1lo>35 ng =200x027 =480 > 9
o u=np=15, o?=npg=15x0.97=14.55

o P{X<20)

o= P(Y<19.5)

o= m{‘ffﬂ_‘%;] = (1.180) = 0.88]
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Alternative Solution
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2(x — a)*

o Y 1)

. vy — @)=+ (- a)- + + (. =

. b 2y + )+ (5" 2, +oa) F (s 2y e
8 — (e d oy Fac ) — 2afx; b iy

. ¥ 2a T + np
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The heighits, x cm, of a eroup ol 82 cluldren e summanized as lollows
: » 5 |

. 2 X - l:\"”:.' — =287, standad) deviation of x = 6.9
1) Mind the mean |1-r'iL'{l'||!, -i:u Find X — 130-,

1] Xlx—130) = X — 1300 = LaO\I30XE2 — 287, Xx = 10373,

LY

Lk

r=Yx/n=10373 / 82Q\T26.5
M) 692 =% f 2 N2 /82 - 126.5°. £ = 1316088.52

Fiw— 1307 = T2 X 130X Ex + #1302 = 4908.52
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