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SPM ADDITIONAL MATHEMATIC 3472
CHAPTER 9 : DIFFERENTIATIONS

Topic 9 Differentiation ::::::::::: v 9.01 Definitions & First Principles Differentiation ::: v 9.011 Statement Definitions § Takrif Ayat |
When x increases by + &y & will increases by 8.
. WA b . Sx = small change of x
eg. ¥=x
Jy = small change of y
y+Ooy=x+9x
= DELTA
Topic 9 Differentiation :::::::::i: v 9.01 Definitions & First Principles Differentiation ::: v 9.012 First Principles Differentiation
( Use the definition ) § Pemberaan Prinsip Pertamna |
e.gl:
Find the first derivative of y = x* from first principles. dy
Solution . & ="deey deex
S s sy R {1}
2
yincreases by 8y| ¥ = (x)l x increases by Ex]
y+c5'y=x2+2c3'3c0x+(§3c)2 ................ {2}
{2},
(y+8y)-y Z(r‘ +25x0x+(5x)2 )—x2
Oy=28x0x+ (5x)2
{70x)
=5 Important Notes:
NS =2x40x
Ox L I
The symbol of definition for differentiatiof | Sy dx Ox
> o) lim| — ||=2x+0 d ‘S
ar—=0\ Sx _y = Tikki _y
dx—0\ &y
shorteut of symbol for differentiation| e
" ldx
e.g.2: \
Find the first dedivative of y = 3x+ 2 from first principles.
Solution : {21,
(y+8y)—y=(3x+35x+2)—(3x+2)
FEE BT sttt e O LA R {1 Sy =36%
y+5y=3(x+5x)+2 (;&C)
VIO Y =B BEX D e s o {2}
o
ox
lim (ﬁj =3
dr—=0l Sy
Y _ay
dx
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e.g.3:
Find the first derivative of y = 4 from first principles.
X
Solution :
—ox
1 Sy =
T e e {1} Y {x2+x(5x)J
¥
e —— ——nm A T T {2} (+5x)
x+0x Sy 1
{2}—{1}, g_ x2+x(5x)
o {2z
s X+ 0x x ]imﬁz =1
1 1 o0 Fx x2+x(0)
Sy= w| 2
d (m] U hmﬁ_[_L]
2
S de] oef9 ) B o *
S x(x+5x) @——L#
dx x
egd:
Find the first derivative of y = Ll from first principles.
x+
Solution :
2
o s e e st i e ) {1} -
x+1 lim[é‘y]: : 2
- 2 o) a0l Sx x +x(0)+2x+(0)+1
y+ yf(x+5x)+1 ....................................... _[ - ]
(2}—{1, L+ 241
2 2 dy 2
) e _ T L
(y+83)=y {x+5x+l] [x—i—l] de (x+1)
s 2x+1)-2(x+5x+1)
I T ) (area 1)
B (2x+2)—{(2x+2(6x)+2)
= x2+x(5x)+x+x+(5x)+l
—2(dx
5ye| (0¥
x +x(5x)+2x+(5x)+l
(+5x)
Sy _ -2
Sx | &7 +x(8x)+ 2x+(5x)+1
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Topic 9 Differentiation :::::::::2: v 9.02 4 Formulae Of Differentiation f Pembegaan 4 Rumus Ji::::: v 9.021 Basic Formulae Of
Differentiation { Pembegaan Rumus Asas |

y=x"
dy
— =mx"
dx
eg.l: **Xe g.2 [memories]
Differentiate y = 3x° with respect tox. | Differentiate y =3x with respect tox.
Solution . Solution :
y=3x y=3x
dy _ 5-1 ﬁzlx&xl-l
E =5x3x =3
Y _ 1554 L AN
dx dx
dy _ {'Q
—=3# N
L O
S
*¥Xe 0.3 [memories| eg4:
Differentiate y = 2 with respect to x, | Differentiate y =x Wm@P%Ct to x.
Solution : Solution : &
y= 2_);0 0
dy _ dy W
E=0><2x°1 dx 2><x() e.g.5:
Q —o# Differentiate x° — 2x with respect to x.
dx b Solution :
< =2x d ¢ 3-1 -1
L -2x)=32"" -2
% 4 2a) =312
=2x# =3x? - 24
e.g.6: : e.g.7:
o 6
> 3? ' fx)=3x". Differentiate y = L with respect to x..
Solution : | Solution: | X
dy g L " : Solution :
E=6><E’uc’“=18x5 L (%) =6x3x"" =18x |
iy L) =5x18x =002 | YT

-1_ggyt
7 =OX1BaT =002 L iy = 4%90x* = 36047 y=x~!

3 E d i
4 _ 4590x*" =360 | Yt
i’ ! dx

E 'ﬂf—‘;——lx.?c'2
i L T
! dx X
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Topic 9 Differentiation ::::::::::: v 9.02 4 Formulae Of Differentiation :::::: v 9.022 Brackets Rule ( Rumus Kurungan)

[ **Some “Brackets" differentiation can be avoided ]

eg.l:

Differentiate y = Z’)(x2 + 2)4 with respect to x.

Solution :
y=px"
y=3(x*+2) #
d 41 Y npx™! ( differentiate ;'ns;'de)
Ey =4x 3(12 % 2) (2x)| — differentiate the "brackets" dx

o

= =12(2x)(x +2)

ar_ 24x(x +2) #
&

e.g.2:

: . 18
Differentiate y = {Qx + —] with respect to x.
X

Solution :

i
1 % b} . . .
o (2x+ _] ‘ expands first before we differentiate it
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e.g.3:

e e.g.d:

Differentiate y = o] with respect to x. Differentiate = %ﬂr [r:* B iz] with respect to -
”

Solution : e

y:gx_l [Zlﬂﬂi}_ij
1 3 "= r

r
=3(2x-1)"
y ( ¥ ) dI _ ]' 3 3—1_(_1) -1-1
dy — =370 (+))
—:—1><3(2x—1) (2)
& a i 1
a . i [3;‘2—1—]#
B e-gla-11" & |3 r’
. !
dy ) : : -
2o = 7 # |The constants no need involvedin defferentiation.
(fol) N
Topic 9 Differentiation ::::::::::: v 9.02 4 Formulae Of Differentiation :::::: v 9,023 Product R_ule { Pembegaan Pendaraban) :
[ (Jan e avoided |
y=[x[2]
% = Differentiate|l|x keep|2|+ Differentiate|2]x keef@’
dy du dv
Y=Y, —=—— Yk — U
dx dx dx N\

egl:

gz

1 i =52 t ] ¥ x ! =
Differentiate y = x* (2x+1) wiftiwespect to x. Differentiate y = 2x(x2 _1)3 siith, eEpEot T 3

Solution :

Solution
4
y=x"(2x+1) y:2x(x2—1)3
dy g ; @Zz(xg—1)3+3(x2—1)2(2x)2x
a=2,-ac(2x+1) +4(2x+1)’(2)4° dx
dy 4 5 Q=2(x2—1)3+12x2(x2—1)
g=2x(2x+1) +8x* (2x+1) dx
dy 2 2 2 2
=95 ~1)+6
%ZZx(2x+l)3[2x+l+4x] s (¥ -1)rex ]
dy 3 QZQ(xQ—l)Q(%f—I)#
EZZx(Qerl) (6x+1)# dx
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e.g.3:
Differentiate y = x (x + 1)2 with respect to x.
Solution :
y:x(achl)2
yzx(x2+2x+1)
P Ok
dy 2
—— =Ryt det | B
dx
Topic 9 Differentiation ::::::::::: v 9,02 4 Formulae Of Differentiation :::::: v 9.024 Quotient Rule ( Pembezaan Pembahagian ) :

[ Can be avoided |

dy _ D{fferentfate * keep - Diﬁ?zrenliate % keep
B 2
. (2
du dv
_u |y _dx
"y dx v*

e.gl:
Differentiate y = EF with respect to x.
x+1

Solution

_ 2x

T x+l
dy 2 x+1)-102x)
A& (x+1)
dy _2x+2-2x
& (x+1)
dy 2
& (x+1)

.22

; ; - AN
Differentiate y = i with respect to x.
Solution :

xE

T
dy 2x(2x-1)-2(¥")
& (2x-1)
dy 4x'-2x-2x"
e (2x-1)
dy 2xt — 2
& (2x-1)
if)_? N 2x(x—1) 4
de (2x-1)
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Topic 9 Differentiation ::::::::::: v 9,03 Usages Of Differentiations [ Approximation | [ hampir Samna Dengan |

** The formulae can used in sections : Approximate value, smail changes, and

percentages of small changes.

oy b
ox dx

Sym %x 8x|— first formula

Proof:

dy _
D {3 Bl
},ﬂ-l~c3'y:(x-lr5x)2 @:_@+5x
ox dx

y+8y=x" +2x(§:!c)+(5x)2 ......
{2311,
oy= 2x(5x)+(5x)2

(+6x)

[1000_999“

1000 ~ 999 ]
Sy b
Sx  dx

Py

1) d
—y=2x+(5x) therefore |5y » Y 5x
ox Q . dx
)
¢
Topic 9 Differentiation ::::::::::: v 9.03 Usages Of Differentiations [Appr@n | [ hampir Swna Dengan |
i v 9.031 Approximate Value &

C

e.gl:
Find the approximate value of J26 6 by using w%ﬂus method.

Solution
cLution. ®' 6ya:ﬁ><5x
Lety=~\/; dx

! |
; y=>5 Sy ——=x1
{@ N

Sy=0.1

'

=y+0y
=5+0.1
=51#

The value of \/% in the calculator is 5.09901954

i The approximate value for J26
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¢80

Find the approximate value of 3.9? by using the calculus method.

Solution

— 2 42
e _ Spa o
b_,, y=16 Lo s

dym 2xx—0.1
Syn~8x—0.1
Jy~—038

The appro::imate value for 3.9°
=y+dy

=16+(-0.8)

=152#

|The value of 3.9 in the caleulator is 15.21

Topic 9 Differentiation ::::::::::: v 9.03 Usages Of Differentiations [ Approximation | f hampir Sama Dengan |
i v 9.031 Small Changes | approximated

e.gl:
Find the small changes in an area of circle when the radius increases from 2 cm to 2.1 cm
by using the calculus method.
Solution Compare with the calculus method:
Calculus Method: .
L —ar L=nr
ki whenr=2, whenr=2.1,
L 2mr L=n(2) L==(21)
dr '
whenr=2,8r=0.1 L=4z em’ L=4417 om{
ﬂl L §
oL = & xor Increases In L
SL=2nmrx0.1 =44lr—4n
8L=2m(2)x0.1 =04 #
SL=0.4n#
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e.g2.2 (Inverse Concepts):.

Ifk =2(9+A%), find the small change of / when the k increases from 26 to 26.3 where /2 > 0.

Solution: ah k=26
ke =209+h") Ghe-—- Xk k =18+ 24"
k=18+24 Y. e 18+ 24 =26
%_41@ 4”; 2h* =8
when k = 26,5k =0.3 - 4(2):“).3\ et

Sh 003754 h=2(h>0)

Topic 9 Differentiation ::::::::::: v 9.03 Usages Of Differentiations [ Approximation | f kampir Sama Dengan |

i v 9.033 Percentages Of Small Changes

e.gl
Given that & = 2(9+ 4%), if x increases by P% when x = 5, find the percentages™af Small change for y.
Solution :
- 2
y=3x-2x Percentages Of Small Chahge For y
dy
—=3-4
e - =122 100%
z |
Whenx:5,5x:i><5:E |
100 100 =Sy x—400%
v
, 5yz%><5x )
y=3(5)-2(5) - :( QJP}X[ 1 JXIOO%
y=15-50 Sy (3—4x)x| > ¢ 100 /| (-35)
=-35 100/ N 17
Sym(3—-4(5))x| £ S A—
e, €
Sy (-17)N 3
3% (-17) \moJ
'
R A N
y“ 100
e.g.2:
Given that £ =12 — 4x+ 5x°, if x increases by P% when x = 6, find the percentages of small change for y.
Solution : y=12-4(6)+ 5(6)2 Percentages Of Small Change For y
y:12*4x+5x2 B —— = QXIOO%
Ly y
B __ar10% YD :
dx 55 = Syx—x100%
Sy (-4+10(6))x| — 7
WhE:IlJC:6,5.7C:i><6=g 4 ( i ( ))X[IOOJ 336P 1
Sy= (56 —_
y= )X[looj _336
336 168
ymWP —2p#
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Topic 9 Differentiation ::::::::::: v 9.03 Usages Of Differentiations [ Approximation | f hampir Sama Dengan |
i v 9,034 Rates Of Change

(i) Rates Of Increases
_dx
ot

(if) The meaning Of Rates

dx 5
= =3 cm/s or 3 cms™ means that x is increases by 3 cm per seconds.
{

**(4ij) Chain Rules: |2 = £ &

eg
Given that v =3x+2 and y = v* +1, find the rates of change of x when y is changing at the rate
of 0.5 unit/s at v=3.

Solution :
y=3x+2 y=3x+2 P _ 0.5 unit's
y=v+l1 whenv=3 dx
i 3x+2=3
Substitutes 1:, Al ﬂ _ d_y ’ @
y=(3x+2) +1 _1 dr dx  dr
i 2 —
y=(92" +12x+4)+1 = os=l18( 112 |« &
! 5 dt
y=9x"+12x+35 2
%=18x+12 05=18x—
@ L
dt 36
Topic 9 Differentiation ::::::::::: v 9.03 Usages Of Differentiations ::::: v 9.035 Curves, Tangents, and Normal

Curve

my X m, =—1

% = gradient of the tangent <> gradient of the curve < gradient function

Proof: J
AL, Vg, =—=
X =X, % =(X+3x), 3 =y, % =(y+Sy) Sx
] 5_y
m;;_g:*—vyl_yQ : _x:mﬂ
X — X i s
I i ¥ i . -
- y_(y+ 5y) i ‘51:?0 [gj = gradient of tangent at point 4.
x—(x+8x) ' 8
! [5—“1’} = gradient of tangent at point 5.
i %
i
1
1
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Topic 9 Differentiation :::::::::2: v 9.03 Usages Of Differentiations

..... v 9.036 Stationary Points, Turning Points, Maximum P oints, Minimum Points And Point Of Inflexion

(i) Stationary Points

; . dy
(a) for stationary points: (b) for stationary points: g} =0
@ _ 0 (iy All Maximum Point | (ii) All Minimum Point | (iii) Some Of the point of inflexion
dx -
dl =0 d—" =0 d—'y =0
dx dx dx
-
(ii) Points Of Inflexion [ Point at the middle of "S" ]
(1) Point at the middle of alphabet "S". O
(2) Have 2 types of point of inflexion. ()
o dy TS
~ |dy (i) |=—==0 @
n|—=—=0
W dx

| <9

!
*(i#i) Turning Point [ Must changes the-&irSetion]

dy \0 |P0j.m Of Inflexion not include In Tuming Point
O |Z=0 ;

dx
(2) 2 types of turning point

Maximum Poi Minimum Point
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*(7v) The Condition Of Maximum Points

e.g.
Find the stationary point for the curve y = 2x — x* and determine the characteristics.
Solution
dy .
—=2-2x=0
< dy
2 :12 =
x pacs
2 d’y

whenx=1,y=2(1)—(1)" =1 5 <0

stationary point = (1,1)
d’y _

&
. The stationary point (1,1} is a maximum point.#

20

*(v) The Condition Of Minimum Points
eg.

Find the stationary point for the curve y = x* — 6x and determine the characteristics.
Solution :

gﬂo

.
Ci=

whenx =3,y =(3)" -6(3)=-9 d’y
stationary point = (3,-9) dx’

2x=6 dy
dx

=0

)
%:2>0

.. The stationary point (3,-9) is a minimum point.#

*(vi) The Condition Of Point Of Inflexion

&8, d’y
Find the point of inflexion for y= x" +1 . d’cvz -
Solution : dgy
dy :
= =3y 3y dx’
Bl g g
dx

e

= (0,1) 1is the point of inflexion. #

x=0
whenx=0,y=(0) +1=1
(0,1)
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=
=3
[4+]
=
o
|
=
L] e
]
[=,3
—
—
—r
Il
=,
v
o
|
—
—
v

*(vi) Maxima & Minima Problem

v
(a) FoV,, orV,., -(_
dx

®) 1V, then |22 <0
ax”

®) IV, then|%" 50
ax

oo
MEGA LECTURE
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